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Abstract
A three dimensional, coupled computational fluid dynamics and finite element model of
a single, anode supported solid oxide fuel cell has been developed in order to predict
the probability of failure of the ceramic components subjected to an idealised operating
duty cycle. The duty cycle represents cooling from sintering, warming to a uniform
temperature of 800◦C where anode chemical reduction takes place, operation at low,
medium and high power and finally cooling to room temperature.
The StarCDTM computational fluid dynamics code provided the platform to deter-
mine the temperature distribution throughout the operating fuel cell by solving the
conservation equations for energy, mass and momentum, with additional subroutines
written to account for species transport, electrochemical reactions and heat generation.
An AbaqusTM finite element model used the temperature distribution predicted by the
computational fluid dynamics model at low, medium and high power to solve for the
thermal stress distribution for individual cases and throughout the duty cycle. The
finite element model included the effects of thermal expansion, residual stress from man-
ufacture, material properties changes due to chemical reduction of the anode and visco-
plastic creep. The maximum principal stress in the anode support layer at 800◦C and
low, medium and high power was found to be 5.0, 26.5, 33.2 and 39.8 MPa respectively.
The stress analysis results were used to determine the time independent and time
dependent (accounting for sub-critical crack growth) probability of failure, and showed
that over the duty cycle sub-critical crack growth significantly increased the predicted
probability of failure in the anode support layer from less than 1× 10−12 to 0.54, and in
the cathode layer from 1.28 × 10−5 to 1.24 × 10−3. The probability of failure of SOFC
ceramic components is thus shown to be both time and history dependent.
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gf Gibbs free energy J mol
−1
g0f Gibb’s function at STP J mol
−1
h Enthalpy or Cumulative laminated plate
thickness
J mol−1 or m
hf Enthalpy of formation J mol
−1
ht Thermal enthalpy J mol
−1
k Thermal conductivity W m−1 K−1
kB Boltzmann constant 1.38× 10−23 m2 kg s−2 K−1
m Weibull modulus -
nc Creep stress exponent -
ne Number of electrons (involved in a reaction) -
ngs Creep grain size exponent -
no2 Creep oxygen partial pressure exponent -
p Partial pressure Pa
s Source term -
t Time or Laminate thickness s or m
tb Bending axis position in direction x3 m
ui Fluid velocity component in direction xi m s
−1
xi Cartesian coordinates (i=1,2,3) m
A Area m2
C Concentration mol m−3
D Diffusion coefficient m2 s−1
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E Young’s modulus Pa
Eijkl Elasticity tensor -
Erev Reversible fuel cell EMF V
F Faraday constant 96485 C mol−1
Gr Grashof number -
H Enthalpy J kg−1
I Current A
I0 Exchange current A
K1 Mode 1 stress intensity Pa m
1
2
Kn Knudsen number -
L Grain size m
M Mass kg
NA Avogadro constant 6.02× 1023 mol−1
Nscg Sub-critical crack growth stress exponent -
P Pressure Pa
Pf Probability of failure -
Q Activation energy J mol−1
R Universal gas constant 8.314 J K−1 mol−1
Rinternal Ohmic resistance Ω
Re Reynolds number -
T Temperature K
V Voltage or Volume V or m3
Ve Weibull effective volume m
3
We Electrical work W
X Molar fraction -
Y Mass fraction -
Greek Letters
α Coefficient of thermal expansion m m−1 K−1
β Symmetry factor -
δij Kronecker delta -
 Strain -
η Overpotential or efficiency V or -
κ Spring stiffness N m−1
λ Mean free path m
μ Viscosity Pa s−1
ν Poisson ratio -
ξ Tortuosity -
ρ Density kg m−3
σ Stress Pa
σn Cauchy normal stress Pa
σ0 Weibull scale parameter Pa m
3/m
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σθ Characteristic strength Pa
σth Threshold stress Pa
τij Viscous stress tensor components -
Φ Permeability m2
χ Open volume porosity -
Ψ (σ) Effective stress function Pa
Ω Collision integral -
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Chapter 1
Introduction
Sustainable electricity generation has become the focus of considerable scientific research
and engineering development effort in recent years due to the weight of scientific evidence
showing that certain gases produced as a by product of human industrial processes are
building up in the earth’s atmosphere causing a warming of the planet. These gases
are collectively referred to as ‘greenhouse gases’ and comprise carbon dioxide, methane,
nitrous oxides and small quantities of others, with carbon dioxide being the most abun-
dantly produced. Emissions from energy related activities (industry, transport, domestic
heat and power) account for 65% of greenhouse gas emissions and of that amount, 37%
are from electricity generation and 22% from transport [91].
The scientific consensus, represented by the views of the IPCC (Intergovernmental
Panel for Climate Change) in their fourth assessment report [46], is that there will
be ‘abrupt and irreversible climate change’ if carbon dioxide levels are not stabilised
at or below 450 ppm. This is compared to a present day concentration of about 370
ppm and a pre-industrial concentration of about 250 parts per million. Contemporary
climate models predict that by the end of this century there will be a rise in the mean
global surface temperature of between 1.1 and 2.9◦C relative to the end of the 20th
century at this concentration. Governments across the world are acting to reduce future
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emissions of greenhouse gases by means of policy and market frameworks that promote
the development of cleaner electricity generation technologies. Business has now become
involved in developing these technologies because of the economic opportunities that
more efficient electricity generation presents. Scientific, engineering and political will is
converging on the objective of cleaner electricity generation with the potential for major
changes at both the product and system level.
Fuel cell technology offers a step towards the panacea of clean, sustainable electricity
generation by offering a means of converting the thermodynamic potential of hydrogen or
hydrocarbon fuels and oxygen into electrical potential with considerably higher efficiency
than is achieved today. The use of a fuel that contains carbon will always have carbon
dioxide as a reaction product, the use of hydrogen generated in a sustainable way as a
fuel is the only way that a combustion engine or fuel cell will ever become a zero emissions
device, however the considerably improved efficiency of a fuel cell is reason enough to
speed their deployment. Comparing the efficiency of two incumbent technologies with
their potential fuel cell replacement as in table 1.1, illustrates this very well. The different
fuel cell technologies are discussed further in the following section.
Application Incumbent Technology/Eff % Fuel Cell/Eff %
Stationary Power Gas Turbine/60 SOFC/70
Transport Prime Mover IC Engine/30 PEMFC/50
Table 1.1: Efficiencies of fuel cells compared to incumbent technologies
Fuel cells are not a new technology, first demonstrated in 1839 the person credited
with their invention was Sir William Grove. At the time the idea was of interest but no
practical use and lay dormant for over a century until the concept was revisited in 1955
by scientists at NASA searching for a way to generate electrical power for the Gemini and
Apollo manned space flight missions. The large research effort seen today really started
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in the 1980s. There are still many gaps in the understanding of fuel cell materials and
physical processes that must be filled before they can be effectively optimised and their
outstanding durability issues dealt with. The use of computer modelling has significantly
advanced the understanding of fuel cells and the aim of this work is to push the modelling
capability forward again to enable systematic and efficient design of solid oxide fuel cells.
1.1 The Fuel Cell
A fuel cell is an electrochemical device that converts chemical energy directly into elec-
trical energy without the need for any intermediate steps. In most conventional methods
of electricity generation the conversion from chemical energy to electrical energy hap-
pens in a series of discrete steps. First chemical energy is converted to thermal energy
by burning a fuel to raise the internal energy of a gas. The internal energy of the gas is
turned into mechanical work by allowing it to expand in a controlled way, displacing a
moveable piston or exerting a force on a turbine blade. In some cases, like that of the
internal combustion engine in the motor car, this mechanical work can be used directly
while in other applications it is used to produce relative movement between conducting
wires and a magnetic field, thus generating electricity. By generating electricity directly
from the chemical reaction the fuel cell is not subject to the same thermodynamic effi-
ciency constraints as conventional heat engines (i.e. the Carnot cycle) although it has
its own thermodynamic efficiency limitation. The fuel cell is also more scalable than
combustion engine based electricity generation techniques; there is no intrinsic loss of
efficiency when a small cell is used to generate a few watts rather than a large stack of
cells generating kilowatts or megawatts.
Common features of fuel cells are; they are comprised of a dense electrolyte sand-
wiched between two porous electrodes; the electrolyte is an ionic conductor but an
electronic insulator, allowing ions to transport across the membrane to take part in
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an electrochemical reaction but forcing electrons to travel through an external circuit
to complete the reaction. This is illustrated in figure 1.1 adapted from a figure from
Larminie and Dicks [52].
Load
Fuel
Oxidant
Electrolyte
Anode
Cathode Ions
e-
e-
Figure 1.1: Generic layout of planar SOFC
It is normal for current collecting plates to be pressed against each electrode with
oxidant and fuel supply channels cut into them to ensure even distribution of the reactant
gas over the electrodes. The oxidant is usually oxygen supplied as air and the fuel is
normally hydrogen, a light hydrocarbon, alcohol or carbon monoxide, depending on the
fuel cell type. The overall reaction for a fuel cell using hydrogen as a fuel is
1
2
O2 +H2 −→ H2O (1.1)
In a fuel cell the oxidation of hydrogen reaction is split into two half-cell reactions, one
at the anode and the other at the cathode. The exact nature of the half cell reactions
depends on the type of fuel cell, for the case of the solid oxide fuel cell studied in this
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work the half cell reactions are given below and illustrated in figure 1.2
Cathode:
1
2
O2 + 2e
− −→ O2−
Anode: H2 +O
2− −→ H2O + 2e−
Electrolyte
Anode
Cathode ½ O2 + 2e- O2-
H2 + 2O2- H2O + 2e-
Load
Figure 1.2: Half cell reactions in a solid oxide fuel cell operating with hydrogen
The presence of three components is necessary for the electrochemical reaction to
take place in the electrodes
• an ionic conductor to provide an ionic current path from the reaction site to the
electrolyte
• an electronic conductor to provide an electronic current path from the reaction site
to the current collecting plate
• a molecule of fuel or oxidant i.e. pores that provide a diffusion path to the bulk
fuel gas.
The region where all three of these conditions are met is called a triple phase bound-
ary (TPB). This is an important concept in fuel cell technology as the number of TPBs
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and their length ultimately determines the fuel cell performance. To improve the reaction
rate the electronic conductor also has catalytic properties.
Fuel cells are normally referred to by their electrolyte material and at present there
are six major categories; solid oxide (SOFC), molten carbonate (MCFC), phosphoric acid
(PAFC), alkali (AFC) and polymer electrolyte membrane (PEMFC). The sixth type is
actually a sub-type of PEMFC known as direct methanol or DMFC because it uses liquid
methanol as fuel. Table 1.2 presents the different types of fuel cell, their associated ionic
charge carriers and operating characteristics arranged in order of decreasing operating
temperature.
Fuel Cell Type
SOFC MCFC PAFC AFC PEMFC
Electrolyte Y2O3-
stabilised
ZrO2
(Y SZ)
Molten
Li2CO3 −
K2CO3
H3PO4 KOH solu-
tion
Polymer,
proton
exchange
membrane
Electrolyte
Charge Car-
rier
O2− CO2−3 H+ OH− H+
Temp (◦C ) 800-1000 600-800 160-220 60-120 100
Fuel H2, CO,
CH4
H2, CO H2 H2 H2
Oxidant O2/Air O2 , CO2 O2/Air O2/Air O2/Air
System Electrical
Efficiency (%lhv)
50-60 50-60 40-50 50-55 40-50
Applications Stationary power /
heat generation
Stationary,
large
vehicle
Space,
defence
Space,
vehicles,
stationary
Table 1.2: Types of fuel cell
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In addition to grouping fuel cells by their electrolyte type they are also categorised
by their operating temperature range. PAFC, AFC and PEMFC operate in the range
60 to 220◦C and are thus categorised as low temperature, whereas SOFC and MCFC
operate around 800 to 1000◦C and are known as high temperature cells. Recently the
use of Ceria based SOFC ceramic electrolytes that conduct oxide ions effectively at lower
temperatures has allowed the development of a new category of intermediate temperature
solid oxide fuel cells (ITSOFC) which operate between 500 and 600◦C. This brings
benefits as the rest of the components required to make a working fuel cell system such
as compressors, gas flow equipment, housings, seals, etc can be manufactured from lower
cost materials such as stainless steel.
Regardless of the type or geometry of the fuel cell it is always the case that the elec-
trolyte is sandwiched between the two electrodes as shown in figure 1.1 with the reactions
taking place in the electrodes and charge being transported by means of an ion, across
the electrolyte, this is known as a PEN structure (Positive Electrolyte Negative). The
driving force in a fuel cell is the difference in thermodynamic potential between reactants
and products, and the power produced is the change in thermodynamic potential minus
irreversibilities and system losses.
1.1.1 Theoretical Cell Potential and Current
The maximum theoretical voltage that a fuel cell will generate can be calculated from
the assumption that for every molecule of hydrogen fuel consumed, two electrons will
pass through the external circuit, as illustrated in figure 1.2. Therefore, for each mole
of hydrogen consumed 2NA electrons are moved, where NA is Avogadro’s number. The
charge flowing per mole of hydrogen fuel consumed is then −2NAe = −2F Coulombs,
where e is the charge on an electron and F is Faraday’s constant. If Erev is the reversible
EMF of the fuel cell, then the electrical work done in joules in moving this charge around
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an external circuit is the product of charge and voltage
We = −2FErev
If the system is reversible then this work will be equal to the Gibbs free energy, Δgf of
the hydrogen oxidation reaction so that
Δgf = −2FErev (1.2)
and therefore the voltage of a fuel cell using hydrogen and oxygen will be
Erev =
−Δgf
2F
(1.3)
A fuller derivation of the fuel cell potential from thermodynamic arguments can be found
in appendix A. The Gibbs free energy for the hydrogen oxidation reaction represents
the energy available to do useful work and is dependent on temperature, pressure and
phase of the product water. Table 1.3 shows Δgf and Erev with increasing temperature
at atmospheric pressure and fuel stoichiometry, and the associated phase of the product
water.
Taking the value of Δgf at a typical SOFC operating temperature of 800
◦C the
fuel cell reversible voltage is calculated from equation (1.3) to be 0.98V, assuming pure
hydrogen and oxygen are used at atmospheric pressure. In reality the Gibbs function
is dependent on pressure and concentration of the reactants. The Gibbs function for
a chemical reaction where reactants j and k combine to form product m at arbitrary
temperatures and pressures is defined in the following way [52]
Δgf = Δg
0
f −RT ln
(
ajak
am
)
(1.4)
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Product Phase Temperature (◦C ) Δgf (kJ/mol) Erev (V)
Liquid 25 -237.2 1.23
Liquid 80 -228.2 1.18
Gas 80 -226.1 1.18
Gas 100 -225.2 1.17
Gas 200 -220.4 1.14
Gas 400 -210.3 1.09
Gas 600 -199.6 1.03
Gas 800 -188.6 0.98
Gas 1000 -177.4 0.92
Table 1.3: Δgf for the hydrogen oxidation reaction at various temperatures [52]
where Δg0f is the change in Gibbs function at standard temperature and pressure and
a is the activity of the reactant or product. Taking the reactants as H2, O2 and product
as H2O and assuming that the reactants and products behave as ideal gases
Δgf = Δg
0
f −RT ln
aH2a 12O2
aH2O
 (1.5)
For an isothermal gas the activity can be related to partial pressure p, as follows
aH2 =
pH2
p0
, aO2 =
pO2
p0
, aH2O =
pH2O
p0
If the pressures are in bar then p0 = 1 and equation (1.5) simplifies to
Δgf = Δg
0
f −RT ln
pH2p 12O2
pH2O
 (1.6)
Referring back to the equation for the fuel cell EMF (equation (1.3)), it can be seen that
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the reversible cell voltage can be written as
Erev = E
0
rev +
RT
2F
ln
pH2p 12O2
pH2O
 (1.7)
where E0rev is the reversible cell voltage at standard temperature and pressure for a fuel
cell using pure oxygen and pure hydrogen, and is equal to 1.23V. Equation (1.7) is the
Nernst equation and Erev is often referred to as the Nernst voltage.
1.1.2 Practical Cell Current and Potential
Taking the reversible fuel cell potential Erev, as the maximum theoretical potential the
practical voltage across the terminals of a fuel cell V , is given by
V = Erev − losses (1.8)
The losses are variously referred to as the overpotentials, overvoltages or polarisations of
the cell, and represent the deviation found in a real fuel cell from the reversible potential.
The term overpotential will be retained throughout this work, it is usual to group these
overpotentials into three subcategories
losses = ηact + ηohmic + ηconc (1.9)
where ηact is the activation overpotential, ηohmic is the ohmic overpotential and ηconc is
the concentration overpotential. Whilst the losses can be can be broken down conceptu-
ally into three convenient categories, in an operating fuel cell they are highly interrelated
and dependent on temperature and reactant gas concentration.
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Activation Overpotential
The activation overpotential, ηact represents the voltage required for ions to overcome
their electronic repulsion before they can react together. It is determined experimentally
by measuring the rates of the electrochemical reactions at the catalyst sites on the
electrodes for given voltages. It can be split down further into anode and cathode
activation overpotentials representing the different half cell reactions taking place at
each electrode. If the reaction rate was infinitely fast, implying that there was no
electronic repulsion between the reacting species, the activation overpotential would tend
to zero. The relationship between the current flowing in the cell, I and the activation
overpotential required to make the reaction proceed at the required rate is defined by
the Butler-Volmer equation
I = I0
[
exp
(
βneFηact
RT
)
− exp
(− (1− β)neFηact
RT
)]
(1.10)
The magnitude of the activation overpotential is dependent on the reaction kinetics for
each particular reaction, being larger for a slower reaction rate and conversely smaller
for a faster rate. The symmetry factor, β is the fraction of the activation overpotential
that contributes to overcoming the activation energy barrier and is commonly set to 0.5
for SOFCs. When no external current flows a state of dynamic equilibrium is maintained
by the reactions at the anode and cathode TPBs proceeding in both the forward and
reverse directions at equal rates. Under open circuit conditions it is possible to define
a material property which represents the current flowing as these dynamic equilibrium
reactions proceed. This is often referred to as the exchange current, I0.
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Ohmic Overpotential
The ohmic overpotential, ηohmic represents the resistance to ionic and electronic flow
through the fuel cell and is typically expressed in terms of Ohm’s law
ηohmic = −IRinternal (1.11)
Where I, is the total current in amps through the cell and Rinternal is the total internal
resistance of the cell in ohms such that Rinternal = Relectronic + Rionic. The electronic
and ionic resistances, Relectronic and Rionic must be accounted for in the determination
of the total cell resistance and typically are highly temperature dependent. For a given
cell resistance the relationship between current flowing and ohmic overpotential is linear.
The resistance to ionic flow through the electrolyte is a significant problem for design-
ers of SOFCs and it is this parameter which dictates their high operating temperature.
For this reason, to reduce their ionic resistance the electrolytes have become very thin,
promoting electrode or other, inert substrate supported designs. In light of this the
contribution to the ohmic overpotential from the electronic resistance of the cell is often
taken to be approximately zero and disregarded.
Concentration Overpotential
The concentration overpotential, ηconc is associated with reactant and product transport
limitations. Mass transport occurs in the porous electrodes of a SOFC by diffusion
therefore the speed at which the gasses can diffuse through the porous media limits the
current that can be produced by the cell.
Fuel Cell Performance
The total deviation from the reversible cell voltage with increasing current is a superposi-
tion of the three overpotentials ηact, ηohmic and ηconc. A plot of the various overpotentials
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against current density for a SOFC operating at 800◦C , as in figure 1.3 shows that the
resultant fuel cell terminal voltage is always less than the reversible voltage when there is
a current flowing [52]. At low current densities the activation overpotential is the largest
voltage loss whilst at high current densities the concentration overpotential is the most
important. At intermediate current densities where most fuel cells operate, Ohm’s law
dictates that the voltage drop is directly proportional to the current flowing.
0 200 400 600 800 1000 1200
0.4
0.5
0.6
0.7
0.8
0.9
1.0
1.1
 Terminal V ηohm ηact ηconc
Cel
l Vo
ltag
e (V
)
Current Density (mA/cm2)
Figure 1.3: Typical IV curve for a SOFC operating at 800◦C
1.1.3 Fuel Cell Efficiency
The maximum thermodynamic efficiency for any chemical reaction, and therefore any
electrochemical device, is equal to the change in Gibbs free energy ΔG of the reactants
and products as a proportion of the total change in enthalpy ΔH, of the reactants and
products
ηthermo =
ΔG
ΔH
(1.12)
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The efficiency of a heat engine was defined by Carnot as the proportion of total heat in
the system available to do useful work
ηcarnot =
Thot − Tcold
Thot
(1.13)
To see why fuel cells perform favourably in comparison with heat engines their efficiencies
at a range of operating temperatures can be compared. By plotting the theoretical
efficiencies of fuel cells and heat engines together as in figure 1.4 at various temperatures,
it can be seen that the fuel cell is more efficient at lower temperatures but at about
1000◦C there is a crossover and the heat engine becomes the favoured option.
200 400 600 800 1000 1200 1400
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
Fuel cell (relative to HHV)
CarnotEffi
cien
cy
Temperature (K)
Figure 1.4: Maximum electrochemical device efficiency at standard temperature and
pressure with reference to the higher heating value compared to heat engine rejecting
heat at 50◦C
It should be noted that the temperature on the ordinate of figure 1.4 represents
a ‘combustion’ temperature of a heat engine i.e. the temperature of the combustion
products allowing for heat transfer to the surroundings, and the ‘operating’ temperature
of a fuel cell. In a thorough thermodynamic analysis by Lutz et al [57] it was shown
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that for the reaction of hydrogen and oxygen to produce water, if the adiabatic flame
temperature of hydrogen and oxygen was used to calculate the theoretical maximum
efficiency of a heat engine, and the ratio of change in Gibbs free energy to change
in formation enthalpies at room temperature of the reactants and products was used to
calculate the theoretical maximum efficiency of a fuel cell, the two numbers would in fact
be the same. Therefore care is advised when defining maximum theoretical efficiencies as
what figure 1.4 shows are efficiencies at different operating temperatures, not theoretical
maxima.
The fuel cell and Carnot cycle efficiencies shown in figure 1.4 are purely theoretical
and never be attained by practical devices. The actual performance of a fuel cell is
subject to reductions in efficiency by the overpotentials discussed previously. In an
analogous way the efficiency of an internal combustion engine is subject to losses relating
to the deviation from ideal adiabatic or isothermal steps in the Carnot cycle. If the
voltage of the cell is V , then regardless of what the loss mechanism is the voltage
efficiency ηvoltage, of the cell is given by
ηvoltage =
V
Erev
(1.14)
the total fuel cell efficiency is then the product of the thermodynamic efficiency and the
voltage efficiency.
ηfc = ηthermo × ηvoltage (1.15)
It is more practically useful to define the efficiency of the fuel cell in terms of the electrical
energy out as a proportion of the change in the molar heat of formation.
ηfc =
Electrical energy out per mole of fuel
Δhf
(1.16)
27
1.2 The Solid Oxide Fuel Cell
Solid Oxide Fuel Cells (SOFC) show excellent potential for a wide range of power gen-
eration applications, in particular large scale and residential combined heat and power
plants. Amongst their strengths are a multi-fuel capability and rejection of high grade
waste heat, both as a result of their high operating temperature.
Air
FuelElectrolyte
Anodeactive layer(underneath)
Cathode
Cathodeactive layer
Anode(underneath)
Interconnect
Interconnect
Figure 1.5: Generic layout of planar SOFC
The solid oxide fuel cell has the same structure as the generic fuel cell shown in
figure 1.1 and a typical layout for a planar SOFC is shown in figure 1.5. The additional
‘active’ layers next to the electrolyte are usually the same materials as the corresponding
electrode layer with changes in composition or porosity to favour ionic conductivity and
increase the TPB length. A more detailed representation of the anode and cathode
microstructure is shown schematically in figure 1.6 and a scanning electron microscope
image of a real SOFC is shown in figure 1.7.
The anode is comprised of an intimate mix of metal and ceramic particles to satisfy
the ionic and electronic conductivity conditions required for the electrochemical reaction.
The overall electrochemical reaction proceeds slowly even at SOFC operating temper-
atures of 1000◦C unless catalysed by appropriate materials. Nickel represents a good
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Figure 1.6: Detail view of SOFC anode and cathode showing mass transport and triple
phase boundary
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Figure 1.7: SEM image of actual SOFC structure [33]
compromise between cost, catalytic efficiency and mechanical properties that are well
matched to the ceramic matrix. Other metals such as silver, platinum or palladium are
better catalysts but are more expensive and have other issues, for example silver has a
relatively large coefficient of thermal expansion but suffers from evaporation.
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1.2.1 SOFC Materials
The primary feature of an SOFC is an oxide ion conducting ceramic electrolyte mem-
brane. The high temperature of operation required for acceptable membrane ionic con-
ductivity limits the designer’s choice of material for the balance of plant to engineering
ceramics and high performance metals.
Electrolyte
The SOFC electrolyte performs three basic functions, it must conduct oxygen ions with
a minimum of resistance, it must be an electronic insulator and it must present a barrier
to the fuel and gas streams to stop them mixing. The most popular electrolyte material
is polycrystalline dense zirconia, Zr02 stabilised with 8% mol Yttria, Y2O3, usually
referred to as 8YSZ, with acceptable ionic conductivity of about 0.02 S/cm at 800◦C
and 0.1-0.2 S/cm at 1000◦C [32, 52].
Another popular type of ceramic electrolyte material is ceria oxide doped with
gadolinium (CGO), which gives similar ionic conductivities at 600◦C to YSZ at 800◦C
[53]. However ceria can be unstable at low oxygen partial pressures leading to defect
formation and electronic conductivity. To mitigate these effects some researchers have
advocated the use of a very thin layer of 8YSZ on the anode side of a CGO membrane to
act as an electron barrier [98]. The ionic conductivities of the leading SOFC electrolyte
materials are shown in figure 1.8.
Anode
The anode is usually a mixture of an ionically conductive ceramic and electronically
conductive metal, referred to as a cermet. Initially the nickel is present in the form of
NiO and must be reduced to Ni/YSZ before the fuel cell can operate. This is usually
done in-situ by gradual introduction of a reducing gas (the fuel gas) to the anode side at
operating temperature. To allow gas to move to and from the reactant sites the cermet
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Figure 1.8: Ionic conductivity of leading SOFC electrolyte materials [47]
is usually between 20 and 40% porous [80] in the reduced state. It is desirable for the
metal to act as a catalyst for the hydrogen oxidation reaction and Nickel represents a
good compromise between cost and efficacy. The presence of nickel in the anode cermet
presents some problems; carbon is formed when hydrocarbon fuels are used under certain
conditions, choking the pores and binding to the catalyst; there is an increase in solid
volume of approximately 70% upon oxidation of Ni to NiO [80, 94]. There is also evidence
that the presence of nickel increases the creep rate of the anode by two or three orders
of magnitude [103], but whether this is a problem or not remains to be assessed fully.
Cathode
As with the anode, the cathode must be porous to allow gas transport to and from the
reaction sites and to about the same level. It must be stable in an oxidising environment
and have good electrical conductivity. Strontium doped lanthanum manganite (LSM) is
used in most state of the art SOFC cathodes.
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Interconnect
The primary functions of the interconnect are to provide an electrical connection between
the cells and to stop fuel and oxidant gases mixing and as such the correct functioning
of the interconnect is critical to the operation of the fuel cell. The interconnect must
have good dimensional stability over a wide range of temperatures in the oxidising and
reducing atmospheres of the oxidant and fuel streams. In the case of SOFCs the inter-
connect is placed between the cells in a stack, thus connecting them in series. Often it is
also used as a support structure and flow guide by means of gas channels incorporated
into its design.
1.2.2 SOFC Design
There are many different configurations of SOFC, all based on the same basic ceramic
membrane structure. The most common type is the planar SOFC, which is the subject
of this investigation and has been used for illustration up to this point. A second
common configuration is the tubular SOFC, which will be discussed here as a contrasting
mechanical design.
Planar Design
A notional planar configuration has been considered so far and this type of cell can be
categorised into five further sub-groups dependent on which layer of the SOFC mem-
brane, if any, provides structural support as shown in figure 1.9.
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Figure 1.9: SOFC configurations [64]
As described previously electric current flows from cathode to anode through the
thickness of the membrane. Ensuring effective current collection over the entire surface
area of the electrodes minimises the current path and therefore the ohmic overpotential.
Efforts to reduce the resistance to ionic current flow in the electrolyte have driven the
thickness of the electrolyte down to a few μm and seen a decrease in the popularity of the
electrolyte supported design. Figure 1.10 shows the losses in the electrolyte as a function
of electrolyte thickness, clearly indicating why a thinner electrolyte is beneficial.
A major advantage of the planar type SOFC is that the ceramic electrode/electrolyte
laminates can be produced by low cost methods such as screen printing and tape casting.
Major disadvantages to the planar configuration are high levels of thermal stress as the
electrolyte and electrodes generally have different thermal expansion coefficients, and
making gas tight seals around the edges of the cell.
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Figure 1.10: Losses in 8YSZ and LSM electrolytes as a function of electrolyte thickness
[47]
Tubular Design
The principal of the tubular SOFC is very similar to the planar one, in fact a tubular cell
can be imagined as a planar cell that is rolled up so that the edges touch, forming a tube.
The main advantage of this type of design is ease of sealing the ends of the fuel cell. It
is also more robust than the planar type with any stresses developed during operation
tending to act as hoop stresses around the circumference and fewer corners to act as
stress concentrators. In the tubular configuration the fuel cell ‘stack’ is constructed by
connecting the anode of one cell to the cathode of the next, the current is then forced
to flow along the length of the tube to current collectors at the ends. This is illustrated
in figure 1.11 by a number of different tubular SOFC designs presented in Mobius et al
[65].
The disadvantages of the tubular arrangement are: increased cost of manufacture
compared to the planar design, greater ohmic losses due to current flowing along the
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Figure 1.11: Tubular SOFC designs [65]
tube thereby increasing the length of current paths in the ceramics; the difficulty of
making electrical connections and the lower packing density.
1.2.3 SOFC Failure Mechanisms
Although not part of this investigation it should be highlighted that SOFCs also expe-
rience electrochemical degradation which manifests as a slow degradation of cell voltage
over time (typically of the order of a few μV per hour) because of choking of the gas
pores, loss of catalytic activity and electrode composition and microstructure changes.
This study is focussed on failure mechanisms caused by mechanical stresses and therefore
only these will be discussed here.
Mechanical stresses that could lead to fracture of the cell can be generated by any
or all of the mechanisms listed below.
• Manufacturing residual stresses
• Differential thermal expansion
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• Temperature gradients
• External mechanical loading
• Material properties and volume change of anode material upon reduction or oxi-
dation
Visco-plastic creep is also active in SOFC ceramics at SOFC operating temperatures,
acting to relieve stress over time. One of the most important mechanisms by which
stresses are generated is by differential thermal expansion. SOFC materials are sintered
together to provide a continuous current path across the layers and thus there must be
strain continuity at the layer interfaces. It is unusual for the layers to have the same
coefficient of thermal expansion (CTE) so as global temperature changes occur stresses
will be generated, this point is considered in detail in chapter 4.
The ceramic membrane of a SOFC tends to exhibit mechanical failure modes that
involve either perpendicular (channel) cracking or layer delamination. The focus of this
work is on channel cracking perpendicular to the plane of the fuel cell, which is dependent
on exceeding the tensile stress limit of the material. Ceramics like those used in SOFCs
are typically brittle materials exhibiting little plasticity and low fracture toughness.
This lack of ductility in combination with the presence of randomly distributed flaws
throughout the material volume resulting from their manufacture, gives a large scatter
in the observed bulk failure strength [29]. The random nature of the flaw distribution in
the material renders traditional deterministic failure analyses, where failure is assumed
to occur when the stress level in a material exceeds a critical value, unsuitable for design
with ceramic materials. Instead statistical design methods, using a probability of failure
as the metric for assessing a component’s suitability for purpose, must be used to predict
the probability of failure of the component when a given stress is applied.
The Weibull distribution is a very flexible probability density function (PDF) that
can be used, in this case, to describe this strength scatter around a mean or ‘characteris-
tic’ strength value. The original distribution was formulated by Rosin and Rammler [77]
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to describe particle size distribution in crushed coal and applied by Weibull to brittle
material strength distribution. The PDF is defined as
PDF =
(
m
σθ
)(
σ
σθ
)(m−1)
exp
(
− σ
σθ
)m
(1.17)
Where σ is the variable (the applied stress), σθ is a normalising parameter called
the scale parameter and m is a parameter called the Weibull modulus that controls
the degree of scatter around σθ. These parameters can be determined by testing a
statistically significant number of samples and then used predictively. For a given σθ the
effect on the PDF of varying m can be seen in figure 1.12, with lower values of m giving
a larger spread of σ around σθ.
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Figure 1.12: PDF for varying Weibull modulus
Assuming that the properties σθ and m are constant the corresponding probability
of failure Pf at stress σ, is the integral of equation (1.17) from zero to σ i.e.
Pf = 1− exp
[
−
(
σ
σθ
)m]
(1.18)
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Figure 1.13 shows the variation of Pf with applied stress σ, for different values of m.
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Figure 1.13: Pf for varying Weibull modulus
Ceramic materials are also subject to a time dependent failure mode frequently re-
ferred to as sub-critical crack growth (SCG), slow crack growth or static fatigue. The
failure mechanism is the same as for fast fracture, in that a flaw of a critical size will
produce a stress concentration large enough to exceed the bulk strength of the parent
material. The time dependency arises because the pre-existing cracks inherent in ceram-
ics can grow over time under the action of low tensile stresses until the critical crack
size is reached and brittle failure occurs. In effect the material properties of the ceramic
degrade over time as the mean flaw size increases, until it is no longer able to support the
applied load. This process is accelerated by chemical aggressors such as water vapour,
which is always present on the anode side of the SOFC. As the probability of failure in-
creases over time it will reach a value that the design engineer has deemed unacceptable,
this represents the useful lifetime of the component.
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1.3 Computational Modelling of a Solid Oxide Fuel Cell
In a fuel cell there are multiple, non-linear, interrelated physical processes that take place
simultaneously. Understanding these processes and the effect they have on the structural
integrity of the fuel cell is the most effective way to move SOFC design forward and
resolve the outstanding durability issues. Analytical models can provide some insight
into the failure modes very quickly but are of limited use when parameters are not
well described by relatively simple mathematical formulae, for example the temperature
distribution in a fuel cell. Computational techniques such as the finite volume method
or the finite element method effectively apply analytical models to small subdivisions of
a complex structure, when the subdivisions are small enough the analytical assumptions
hold with sufficient accuracy to determine the behaviour of the entire system. These
methods allow the application of much more complex mechanical and thermal boundary
conditions than the purely analytical approach. Computational modelling offers a much
cheaper alternative to a large scale experimental test program but cannot replace testing
altogether as the models must be validated wherever possible with experimental work.
Fuel cell durability analysis represents a significant challenge to computational mod-
elling as the active processes of a fuel cell cross several boundaries of techniques. Two
methods in particular, finite volume and finite element, have evolved so that the former is
very well suited to fluid flow problems and the latter to displacement and stress analysis,
both of which are important in fuel cells. It should be noted that either method could
be used to solve fluid flow or stress analysis problems but in order to make use of the
strengths of each the finite volume and finite element methods the fuel cell is effectively
modelled twice, once to solve the transport and electrochemistry problem and a second
time to solve for the thermo-mechanical stresses. The coupling between the two models
is the temperature distribution, calculated by the finite volume model at a given fuel
cell operating point and passed to the finite element model to be used as temperature
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boundary conditions for the thermal stress analysis. Several researchers, detailed in the
next chapter, have developed finite volume models of the flow and electrochemistry pro-
cesses, there are far fewer comprehensive thermal stress models available and almost no
probability of failure work applied to SOFCs.
A significant problem facing the developer of an integrated electrochemical and me-
chanical model of a solid oxide fuel cell is that of physical timescales. Electrochemical
reactions take place very rapidly, diffusion dependent processes proceed over the order
of seconds, thermal equilibration happens in tens of seconds to a few minutes, and visco-
plastic creep happens over hundreds or thousands of hours. It would be computationally
difficult to model all of these processes in full dynamic detail so the approach taken
in this work was to allow the mechanical model to be fully transient over timescales
of hours and to consider the electrochemical processes that provide the thermal loads
for the mechanical model to be in equilibrium at every point in time i.e. quasi-static.
When the cell current varies over time, these variations are taken as step changes, so the
mechanical model has a set of boundary conditions which change stepwise in real time.
Figure 1.14 illustrates how the cell current might change between three different values
over the operational lifespan.
In practical modelling terms this amounts to allowing the electrochemical model
to reach equilibrium for a given point on its IV curve, and then passing any relevant
variables to the mechanical model when the electrical load on the cell changes.
When designing with ductile materials predictions are made about the merits of one
design over another or the expected lifetime of a component by considering the peak
stress in the component and, if the stress is applied in a cyclic manner, how many cycles
are likely. This is possible because there is a well defined set of material properties
including the ultimate tensile or compressive strength. A safety factor defined as the
ratio of failure strength to applied stress is normally specified to account for variability of
the material properties between batches and error in stress predictions. The inherently
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Figure 1.14: Simplified fuel cell electrical load
large scatter in ceramic failure strength within batches means that the safety factor
approach will still lead to a large number of failures, unless the safety factor is very large.
The Weibull distribution has been found to describe the distribution of failure strengths
in ceramics very well [87] and the CARES finite element analysis post processor offers
a computational method of calculating the probability of failure of a structure based
on a finite element stress analysis. The main contributions of this work to the body of
research are
• the development of a comprehensive time dependent stress analysis model to pre-
dict the stress history of a SOFC ceramic membrane from manufacture onwards
• the development of a method of coupling the finite volume and finite element mod-
els to allow the application of detailed boundary conditions to the finite element
model
• the application and validation of a structural ceramic analysis code allowing the
prediction of the probability of failure
• the application of ceramic lifetime prediction techniques that can incorporate time
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dependent material strength degradation (sub-critical crack growth)
1.4 Research Aims
The successful application of SOFCs as a credible, high efficiency alternative to incum-
bent electricity generating technology now depends on designing their materials and
structures so that acceptable levels of durability are achieved. The use of ceramics as
oxide ion conductors in SOFCs is universal and as structural components of cells and
stacks it is quite commonplace. To design SOFCs with acceptable durability it is im-
portant for the designer to have an appropriate method for determining the probability
of failure of the ceramic components from material properties derived from standard
material specimen tests.
The aim of the work described in this thesis has been to develop a flexible method-
ology to evaluate the time-independent and time-dependent probability of failure of the
ceramic components of solid oxide fuel cells. In order to achieve this a combination
of computational techniques was used to model a fuel cell in operation. The model
took into account all of the major mechanisms that change the stress state of the fuel
cell membrane and was able to predict the time dependent stress state of the fuel cell
as it warms up, operates under changing power demand and eventually cools on shut-
down. The model allowed calculation of both the time independent and time dependent
probability of failure.
1.5 Thesis Outline
Chapter 1 has described the generic fuel cell and its operating principles and outlined
why fuel cell technology is relevant in modern society. One particular high temperature
variant of fuel cell technology, the solid oxide fuel cell, has been described in fuller detail
to explain the associated materials and durability issues. Ways that numerical models
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can be employed as a tool to help the engineer improve the durability of the SOFC
through good design have also been described.
Chapter 2 reviews the available literature related to SOFC electrochemical and stress
models and gives historical context to this work.
Chapter 3 presents a model of SOFC electrochemical and transport processes that is
primarily intended to predict the temperature distribution throughout a SOFC at steady
state operating points. Also explained are the details of how commercial software is used
as a basis to solve the conservation of energy, mass and momentum equations, with source
terms inserted into the conservation equations to represent chemical and electrochemical
reactions. The chapter concludes with a presentation of results showing temperature,
current density and species distribution throughout the domain under various operating
conditions.
Chapter 4 introduces finite element analysis and describes how this method is used
to predict thermo-mechanical stress due to temperature gradients or differential thermal
expansion, and visco-plastic stress relaxation over time. The mechanical properties of
the fuel cell materials are collated and summarised before the results from the stress
analysis model are presented and used to quantify how the different mechanisms that
generate stress in a SOFC interact and contribute to the stress state at each point
throughout the life-cycle of a SOFC. An analytical solution for the stress distribution in
multi-layer laminated plate that is free to bend is also presented for comparison with the
finite element model. Following the investigation of each stress mechanism individually
they are combined into a single time dependent analysis the output of which is a time
history of the stress distribution in the ceramic membrane for an idealised duty cycle. It
was found that mean temperature changes throughout the ceramic membrane contribute
most to the stress field with in-plane temperature distributions also playing a significant
role. The inclusion of residual stress is shown to be critical to the prediction of the
correct stress distribution during cell operation.
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In chapter 5 a methodology is introduced for post processing the results of the stress
analysis to determine the probability of failure of the ceramic membrane based on the
weakest link theory and Weibull failure strength distribution curves. Both the time
independent and time dependent failure modes are investigated.
Chapter 6 presents a discussion of the results from the analysis chapters and draws
conclusions.
Chapter 7 concludes the thesis with suggestions for taking this work forward by
enhancing the capabilities of the model and using it for further studies.
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Chapter 2
Literature Review
The solid oxide fuel cell was first demonstrated as a practical device as early as the 1930s
by the Swiss scientist Emil Baur. Although the initial designs were not very successful,
suffering from electronic conductivity, insufficient ionic conductivity and melting, work
continued on the concept of a fuel cell with a solid, ion conducting electrolyte and by
the end of the 1950s the Central Technical Institute in The Hague, General Electric and
The Consolidation Coal Company in the USA all had established and growing research
programs with solid oxide fuel cells. Patents for the designs of modern SOFCs, defined
here by the use of a zirconium oxide electrolyte on top of a porous ceramic or metallic
carrier, were granted during 1962 in Europe and Britain, and it was around this time that
the concepts of polarisation and losses discussed in section 1.1.2 began to be understood.
The very early work before 1960 and early research papers between 1960 and 1970 are
reviewed comprehensively by Mobius [65] and so will not be reviewed here, it is from
this point that this chapter will provide a review of the modelling of solid oxide fuel
cells. This literature review is split into three major sections
• a review of published work that has used analytical and computational methods
to model the transport and electrochemistry processes in an operational fuel cell
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• a review of work in the area of predicting the mechanical stresses in general mul-
tilayer systems and SOFC membranes
• a review of the prediction of probability of failure in brittle materials
Mathematical models of SOFCs are powerful tools for gaining an understanding of
fuel cells in order to enhance their performance and mitigate against failure. The work
in this thesis is concerned with the latter and therefore the literature review will be fo-
cussed on models that have been used to predict electrical performance and temperature
distribution, thermal stress and mechanical failure. Grouping SOFC models into four
main categories according to their level of detail and the physical extent of the system
being modelled provides a means of narrowing the search to models that are directly
relevant to this study. Figure 2.1 illustrates how these boundaries are defined.
Cell level model
Stack level model System level model
Microstructure model
Figure 2.1: SOFC modelling scales [48]
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System level models are concerned with the macroscopic modelling of the fuel cell.
These models treat the fuel cell as one component in a larger system and as such the
fine details about the internal temperature distribution and stresses are not required.
Stack level models generally consist of one or more fuel cells in a stack and include
boundary conditions that represent the operating environment. Cell level models are
usually a part of one fuel cell. They examine in detail the thermal, electrochemical and
gas transport phenomena that take place in the fuel cell. Microstructure models are
used for investigations into material structure at the molecular level.
The work in this thesis is based on a single SOFC in a test housing and therefore
falls into the category of stack level modelling. This still covers an wide range of re-
search topics so it is convenient to subdivide the category further into; models concerned
with electrochemical performance and cell temperature; models concerned with the me-
chanical performance and ultimately failure of the fuel cell. The majority of work in
the literature is concerned with the electrochemistry and transport processes within the
cell, occasionally being extended to consider the effect of the thermo-mechanical stresses
and more rarely considers the problem of failure strength scatter on component lifetime
prediction.
2.1 Electrochemistry and Transport Processes
2.1.1 Early Work
The very early work on modelling SOFCs was concerned primarily with predicting the
practical cell voltage from analytical considerations of the thermodynamics of a fuel cell
and the various losses described in section 1.1.2 and took no account of the heat gener-
ated by the electrochemical reaction. In 1982 Debenedetti and Vayenas [27] formulated
a mathematical model of a high temperature fuel cell including heat balance to assess
whether a self sustaining electrochemical reaction was possible. Ahmed et al [85] pre-
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sented one of the first attempts at solving the system of partial differential equations for
the electrochemical and heat and mass transfer for a 2D, planar SOFC. By discretising
the calculation domain into a series of nodes the assumptions of uniformity through-
out the cell plane (for example, of current density) made by previous authors could be
dispensed with, allowing the calculation of spatially varying reactant gas composition,
Nernst potential and temperature.
2.1.2 CFD Models
In the early 1990s computers started to be used to solve the systems of partial differential
equations describing the heat and mass transfer in the fuel cell system by finite difference
and finite volume methods. An important investigation by Achenbach et al [2] considered
heat flow in three dimensions with one dimensional equations representing the heat and
mass transfer to the gas channels normal to the surface of the porous layers. Later work
by Bessette et al [14] extended the three dimensional modelling approach to explicitly
include all heat transfer terms in three dimensions and the temperature dependence of
transport properties.
The heat and mass transport in porous media has been the subject of several SOFC
publications as the limitations on mass transport in the porous electrodes determine
the magnitude of the concentration overpotential. The three most popular transport
models, Fick’s (FM), Stefan-Maxwell (SMM) and Dusty Gas (DGM) are reviewed by
Suwanwarangkul et al [95]. Their conclusions on the treatment of multicomponent dif-
fusion through a porous medium are that: the FM is shown to be of limited use in mul-
ticomponent gas mixtures because of the fundamental assumption of equimolar counter
diffusion but sufficient for binary gas mixtures; the DGM represents reality most closely
and should be used for mixtures of more than two gasses where the current density is
high, or the pore size approaches the dimension of the molecular mean free path; the
SMM is appropriate for mixtures of more than two gasses at most fuel cell operating
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conditions.
The most complete treatment of heat and mass transfer in a planar SOFC to date
has been made by Haberman et al [41]. In that work multi-component diffusive mass
transfer is properly accounted for by solving the Stefan-Maxwell equations and the effects
of Knudsen flow and diffusion slip are included. Haberman noted that these effects have
to be included to obtain correct species mass fluxes as a mass mean mixture velocity
can exist even in the absence of a total pressure gradient.
The relationship between the activation overpotential and current flowing in the fuel
cell is described fully by the Butler-Volmer equation for all values of the activation over-
potential. Using the full B-V equation in a numerical model can lead to computational
difficulties as there is an exponential dependence on temperature in the expression. Some
researchers [2, 5] have overcome these difficulties by using the Tafel approximation, which
is valid at high activation overpotential, as an explicit way of relating the activation over-
potential to the local current density. There is also a Linear approximation described
by Chan et al [19] that is valid at low activation overpotential but models using this
have not been found due to the range of activation overpotential and current density
that it is valid for being out of the operational area of interest of most researchers. In
a numerical study of all of the overpotentials in a SOFC Chan et al [19] compared the
Tafel and linear approximation to the full B-V equation. The results shown in figure
2.2, clearly show the range of activation overpotential for which each approximation is
valid and indicate that care should be taken if the full B-V equation is not used.
Recently at Imperial College a 3D numerical simulation of an electrolyte supported
planar SOFC fuelled by hydrogen was presented by Sudaprasert [92]. In geometrical
terms the model is advanced compared to others available in the literature, including
five cells in a stack with a simplified manifold. The activation losses are calculated as-
suming, as do other contemporary models, that the exchange current density throughout
the cell is uniform for a given stack operating temperature. To keep the model to an
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Figure 2.2: Error of Tafel and linear approximations to B-V equation at 1073K [19]
computationally acceptable size, the porous layers are not included in the model and
so the effects of the porous layer on mass transport are absent. However the concen-
tration overpotential is included in the cell voltage calculation as originally described in
reference [49] by a correction to the Nernst potential based on the difference between a
predefined limiting current density and the local current density. The ohmic losses in
the electrolyte are included in the cell voltage calculation, whereas the ohmic losses in
the relatively thin electrodes are considered negligible and disregarded.
2.1.3 Temperature Measurement
Experimental validation of predicted temperature distributions has been rare as mea-
suring the temperature inside an operational fuel cell without interfering with the cell
or inducing failure is very difficult. Busso et al [17] investigated the effect of tempera-
ture gradients on SOFC membranes based on experiments in which thermocouple arrays
were used to measure the in-plane temperature distribution over a two or three layer
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SOFC structure when heated to 950◦C in a furnace and a small diameter jet of cold
air was blown on the centre. A finite element model and weighting function was then
used to identify a failure diagram based on the temperature gradient. Brett et al [16]
used thermal imaging to study the behaviour of pellet SOFCs under changing operating
conditions and compared it with the electrochemical performance, identifying an ‘over-
shoot’ in temperature rise when the operating current was changed which then cooled
to a stable condition after a few seconds. The only study that has reported measured
temperature distributions inside an operational fuel cell was that of Adzic et al [3] show-
ing temperature variations of the order of 10◦C over a 50× 50 mm planar SOFC under
normal operating conditions, with a temperature increase of nearly 200◦C noted when
an internal fuel leak occurred.
2.2 Stress Analysis
The functional component of a planar type SOFC is in essence a thin, laminated, multi-
layer plate. This type of structure is also found in other applications such as micro-
electronic devices [108] and thermal barrier coatings [60]. It has been reported that the
largest stresses in these laminates are caused by a mismatch of the coefficients of thermal
expansion of the layers in the laminate, coupled with the condition of strain continuity
at the layer interfaces. In-plane temperature gradients, external mechanical restraint
and changing material properties over time also generate stresses as discussed in section
1.2.3.
2.2.1 Analytical Models
A significant amount of research effort has been applied to determining analytical so-
lutions for the bending of and stress distributions in multilayered, laminated thin plate
structures as they are heated [97, 45, 67, 66, 17]. The first stress analysis of multi-
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layer laminates was reported by Timoshenko [97] for a bi-metal strip. The analysis was
based on a beam made from two materials with different thermal expansion coefficients
and strain continuity imposed at the layer interfaces, subjected to a uniform increase in
temperature as shown in figure 2.3, which is from the original paper.
Figure 2.3: Timoshenko’s bi-material strip analytical model [97]
Timoshenko’s major assumptions were that at room temperature the strip was in
equilibrium with no forces applied and no internal stresses present. This allowed the
prediction of the stress distribution and radius of curvature when a uniform temperature
increase was applied. It was shown that the difference in coefficient of thermal expansion
between the layers was much more significant than the ratio of their Young’s moduli.
Timoshenko calculated that a change of the Young’s modulus ratio from 1 to 2 only
produced a 3% reduction in the radius of curvature of the beam, whereas the same
increase in the CTE would produce a 50% reduction.
This analysis was extended by Saul [81] to a three layer system and today there
are many papers to be found detailing different mathematical methods of calculating
the stress distribution in a laminate with n-layers [93, 45, 66, 67]. Of these Hsueh [45]
presents a method of decomposing the total strain in a system into a direct component
and a bending component that allows the calculation of the stress in laminated strips
and plates with an arbitrary number of layers. Hsueh’s model is important as it sets out
a closed system of equations that gave a solution for two limiting mechanical boundary
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condition sets, the simplest case being when the laminate is constrained to remain flat
and a more complex case being when the laminate is free to bend. It therefore can be
used to assess the effect of bending of the laminate on the stress distribution. Hsueh’s
method is reviewed in detail in section 4.2.
Analytical Thermal Boundary Conditions
General multilayer analytical models like those developed by Saul and Hsueh assumed
that a uniform temperature change was applied and that the zero stress condition was
at the initial temperature. The most important step forward in the development of
boundary conditions for SOFC thermal stress model was the inclusion of residual stresses
resulting from their manufacture by assuming that the fuel cell is in a stress free condition
at the final sintering temperature, usually between 1200 and 1350◦C [42]. Considering
the zero stress temperature to be above the operating temperature rather than at room
temperature has a marked effect on the stress predictions, changing both their sign and
magnitude. Residual stress was first included in the stress analysis of an SOFC by
Majumdar et al [59].
When including residual stress in a model it is widely assumed [42, 59] that the ma-
terial properties remain constant or are dependent on temperature only for the duration
of the cooling from sintering phase, through warming up again to operational tempera-
ture and generating electrical power. So far no analysis of the stress distribution under
operating conditions has considered the combined effect of the zero stress temperature
being at sintering temperature and the chemical reduction of the anode from a NiO/YSZ
precursor to a Ni/YSZ cermet. The latter changes the material properties of the anode
layer significantly [80], which will in turn change the stress distribution in the SOFC.
Fischer et al [33] quantified the magnitude of stresses in the electrolyte of an anode
supported planar SOFC using x-ray diffraction at each stage of the manufacturing pro-
cess. They concluded that for their particular cell configuration, compressive stresses
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of up to 560MPa were present in the electrolyte, which correlates approximately with
analysis results assuming purely thermo-elastic cooling from sintering temperature. Also
using x-ray diffraction, Yakabe et al [105] measured residual stresses in a cell of similar
design of around 650MPa in the electrolyte. Experimental work to determine the magni-
tude of residual stresses from the sintering process by Atkinson and Selcuk [9] measured
the radius of curvature of half cells i.e. an electrolyte with anode or cathode material
on both sides. Their measurements correlated with those of Yakabe and Fischer in that
the maximum compressive stress in the electrolyte was calculated to be of the order of
650MPa. In an earlier investigation of an electrolyte supported cell Selcuk and Atkinson
[83] concluded that extensive stress relief by micro-cracking occurred on cooling in the
anode. The cathode appeared to remain crack free but the curvature results and subse-
quent imaging of the anode and cathode surfaces indicated that elastic strain began to
be supported at around 1010◦C , rather than the sintering temperature of 1300◦C .
2.2.2 Finite Element Models
The requirement to use more complex mechanical and temperature boundary conditions
than the simple mathematical approximations that analytical models require, and the
rapid increase in available computing power during the 1990s led to the use of finite
element thermal stress models. Saigal et al [79] used the finite element method to
predict the stresses due to differential thermal expansion in SOFC ceramic membranes
subjected to a uniform temperature change in much the same way as the analytical
models of the time did, but with significantly more complex geometry. Their model
made use of the ANSYS finite element software package, choosing second order shell
elements to represent a ceramic membrane with corrugated electrodes on either side as
shown in figure 2.4. Whether they assumed plane stress or plane strain is not stated.
Residual stress was accounted for by assuming a stress free condition at 1200◦C
and the model was free of mechanical restraint. Their primary conclusion was that the
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Figure 2.4: Early finite element model [79]
mismatch in the coefficient of thermal expansion between the layers was sufficient to
cause fracture on cooling from the sintering temperature, based on a comparison with
mean measured failure strength of the materials.
Finite Element Model Thermal Boundary Conditions
The finite element method allows the use of more detailed temperature boundary condi-
tions than analytical models. These can be obtained by coupling simulations so that the
temperature predictions from a transport model are used as nodal temperature bound-
ary conditions for a thermal stress analysis. One of the first models of this coupled
type was of a single channel of a planar type SOFC published by Yakabe et al [106].
In Yakabe’s analysis the transport model included multicomponent fuel gases and the
endothermic direct internal reforming reaction, leading to a prediction of cold spots with
high thermal gradient and therefore high stress at the fuel inlet, followed by a warming
of the system along the length of the channel in the fuel flow direction. The quality of
the stress predictions from the coupled analysis method are largely dependent on the
accuracy of the temperature boundary conditions, and that is largely dependent on the
thermal boundary conditions in the transport model. Yakabe’s transport model uses
adiabatic boundary conditions, which lead to large temperature gradients that have yet
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to be confirmed experimentally.
A recent coupled transport and thermal stress model by Selimovic et al [84] uses
an unspecified method to convert the temperature predictions of a two dimensional
transport model into a three dimensional distribution for a thermal stress analysis. This
model was one of the first to consider the transient operation of the cell in order to assess
the effect of start up and shut down cycles on the stress levels in the cell. However, as
residual stresses were not included in this model the stress predictions will not represent
reality.
A comprehensive modelling study of the thermo-elastic stress evolution in a three-
fuel cell stack including residual stress was published by Lin et al [20]. In order to
accommodate a large amount of detailed modelling of the sealing arrangement, the FE
model size was reduced by representing the ceramic membrane structural layer with
hexahedral elements overlaid with shell elements to model the very thin active layers.
Peak stresses in the ceramic membrane of about 170MPa were predicted to be at room
temperature, although the precise location or layer was not given.
Visco-Plastic Material Behaviour
Experiments have shown that the high temperatures encountered by SOFC ceramic
materials relative to their melting point leads to stress relief over time by visco-plastic
deformation. The temperatures at which visco-plasticity is observed in SOFC materials
are within the operating range of typical SOFCs [42, 55, 63, 68] and therefore this
mechanism is likely to change the stress distribution significantly over fuel cell operating
lifetimes of thousands of hours. Lakki et al [51] and Lowrie et al [55] reported Nabarro-
Herring type diffusional creep in 8YSZ at temperatures around 1000◦C and stresses
ranging from 20 to 75 MPa. Meixner et al [63] observed permanent, plastic deformation
in LSM bars at room temperature and very low stresses of 5MPa. In their study the
strain rate and amount of plastic deformation increased with increasing temperature and
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stress.
From these studies it appears that visco-plastic stress relief will occur in operational
SOFCs over their lifetime. Visco-plastic material behaviour has not been included in
any coupled analytical or finite element models to date.
2.3 Modelling Brittle Material Failure
Designing with brittle materials like the ceramics found in SOFCs presents unique chal-
lenges. The problem of failure strength scatter discussed in section 1.2.3 has been in-
vestigated where ceramics are used as structural materials such as internal combustion
engine components, heat shields for space vehicles, thermal barrier coatings and dental
prosthetics, and the methods developed are now starting to be applied to SOFC design.
The most common method of accommodating the failure strength scatter is with the use
of the Weibull strength distribution, the probability of failure is then calculated using
the weakest link theory. These theories are described in general terms in section 1.2.3
and in more detail in appendix B
2.3.1 Time Independent Probability of Failure
The first experiments indicating that the failure strength of some materials are volume
dependent and therefore dependent on the probability of a critical flaw being present,
were performed by Leonardo Da Vinci using thin cast iron rods loaded in tension [56]. As
the rods broke the pieces were again loaded to failure, the results showed an increasing
failure strength with decreasing rod length. Pierce and Weibull [102] independently
devised mathematical distributions to fit brittle material failure strength data. Pierce
assumed the failure strengths would follow a Gaussian distribution whereas Weibull
applied a more flexible distribution originally formulated by Rosin et al [77] to describe
the distribution of particle sizes in crushed coal. This is now commonly called the
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‘Weibull distribution’ despite it’s origins. Since then researchers such as Shih [87] have
shown that the Weibull distribution is a more accurate representation of ceramic failure
strength scatter than several other distributions including the Gaussian. The Weibull
distribution has many applications and forms [72] but the most common for brittle
material design are the two-parameter and three-parameter models. In the latter case
the third parameter is a threshold stress below which no failure can occur, and this is
frequently set to zero, thus the two-parameter model is most widely used.
Masson et al [62] have studied the validity of the two or three parameter models
using Monte-Carlo simulations and concluded that the decision to use a two-parameter
or three-parameter model should be based on sound physical reasoning i.e. is there
any reason why a threshold stress would be present? For example, a compressive surface
stress generated from rapid skin cooling of the structure, or proof tested components that
have a defined minimum strength. Otherwise the two-parameter distribution should be
used.
A large amount of work on brittle material failure modelling has been done at the
NASA Glenn Research Centre in developing a comprehensive brittle material design com-
puter program, CARES. Initially the program was developed (under the name SCARE)
by Gyekenyesi et al [40] as a postprocessor for the MSC/Nastran finite element code,
to calculate the elemental probabilities of failure based on a maximum principal stress
criteria. Since then it been extended several times to account for several different stress
multi-axiality models, different flaw shapes and locations and time dependent failure
modes such as slow crack growth [70]. No evidence has been found in the literature of
the application of the CARES code to the failure of ceramic components of an SOFC.
Material data for time-independent failure of SOFC materials, commonly called the
‘Weibull parameters’, have been measured by researchers such as Atkinson et al [8],
Lowrie et al [55] and Sammes et al [107]. Selimovic et al [84] approached the failure
strength scatter problem by comparing the predicted stresses in ceramic layers to the
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allowable stress calculated by Montross et al [66] in a different study for a probability
of failure of 1 × 10−5 and 1 × 10−6. Whether the layers had the same volume as those
in Selimovic’s model is not stated and is important as the probability of failure at a
given stress is material volume dependent. Nakajo et al [69] explored the evolution of
the probability of fast fracture of a cathode supported tubular SOFC over warm up and
cool down cycles using an axisymmetric model assuming a uniform temperature during
warming or cooling, with temperature gradients generated from a 1D model during the
electricity production phase of the cycle. Their results indicate a high probability of
failure at room temperature, which decreases as the cell is warmed and then increases
again as electricity is produced.
2.3.2 Time Dependent Probability of Failure
Delayed failure of brittle materials such as 8YSZ due to sub-critical crack growth (SCG)
over time is a well documented phenomena with researchers such as Lowrie et al [55],
Radovic et al [75] and Choi et al [22, 21] all observing SCG effects in YSZ and LSM at
room temperature and SOFC operating temperatures. The CARES computer code is
able to accommodate SCG by assuming that flaws grow in size according to a power law,
thus lowering the critical stress intensity required to produce fracture over time. Time
dependent failure mechanisms have not been included in any coupled SOFC analyses to
date.
2.4 Summary
Transport and electrochemistry models of SOFCs that are capable of predicting a three
dimensional temperature distribution throughout an operational fuel cell are now well
established and several components of these models have been experimentally validated.
The electrochemistry and transport models were the first to be applied to fuel cells in
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order to understand and enhance their performance.
The thermal stress analysis of SOFC ceramic components is not as well advanced
as the transport modelling but it is progressing quickly with concepts such as residual
stress, mechanical restraint and detailed temperature boundary conditions now included.
Frequently thermal stress analyses consider one operating condition, or a particular
transient mode but it is clear that the stress history of the SOFC membrane up to
the point in time being considered, particularly the inclusion of residual stress from
manufacture, has an overwhelming influence on the results of the analysis. Many thermal
stress models now include the thermo-elastic cool down from sintering temperature in
their assessment of residual stress, but fail to take account of the changing material
properties as the anode is chemically reduced. No models available in the literature take
account of visco-plastic material behaviour or other deviations from linear-elasticity over
the operational lifetime of the SOFC.
Ceramic failure strength scatter is just starting to be accommodated with the proba-
bility of failure concept being tried by a few researchers as opposed to the deterministic
safety factor approach. There is appropriate material data in the literature to enable
general probabilistic analysis but it is not yet a common feature of SOFC stress analysis.
The concept of time dependent failure modes such as slow crack growth has only been
touched by one author in the fuel cell field (Lowrie and Rawlings [55]) and is considered
very important for components expected to have a long operational lifetime. Given that
the residual stress at room temperature is usually substantially greater than the stresses
experienced during operation and that fuel cells regularly fail in tests after surviving
being cooled to room temperature and heated to operating temperature, it is probable
that a time dependent failure mode is active.
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Chapter 3
Thermofluids and
Electrochemistry Model
In this chapter the different subdomains in the SOFC are identified by the type of
physical process occurring in them. Mathematical models of the transport and elec-
trochemistry processes that occur in each subdomain of an operational SOFC are then
presented and the finite volume method is reviewed as a means by which the equations
forming these models can be solved throughout a given computational subdomain.
The geometry of the computational domain modelled in this work is based on a
commercially available anode supported SOFC manufactured by Indec, set in a test
housing. The geometry of the housing around the fuel cell, containing the air and fuel
flow channels, is a model of the type of housing used to test single SOFCs at Imperial
College London. Figure 3.1 shows a schematic representation of the fluid domain of the
fuel cell including the flow channels, which are machined into the test housing.
Star-CD was chosen as the basis for the transport and electrochemistry model be-
cause it was readily available and the functionality of the code can be extended with user
subroutines written in Fortran. The model presented here is similar to those of Bang et
al [12] and Martinez-Baca [99] and represents an evolution of SOFC thermofluids and
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Figure 3.1: Fluid domain of Indec cell in a test housing
electrochemistry models described in the literature, in that the activation overpotential
is allowed to vary spatially in three dimensions as a function of the local species con-
centration and cell potential. The cell voltage and current are then both determined as
part of the solution.
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3.1 Model Subdomains
The first step when modelling a system using the finite volume method is to identify the
different physical processes of interest and the regions in which each process takes place,
thus allowing the model to be split into several sub-domains. The following paragraphs
describe the entire fluid domain of the SOFC in a test housing and give descriptions of
the different sub-domains, their associated physical processes and boundary conditions.
3.1.1 Gas Channel Subdomain
CathodeOutletPressureBoundary
X2 X1
X3
X1
X3
Cathode Inlet 
Anode Inlet AnodeOutletPressureBoundary
Anode GasChannel Subdomain
Cathode Gas Channel Subdomain
Inlet Plena Outlet Plena
Figure 3.2: Gas channel subdomain and boundary conditions
The gas channel subdomains shown in figure 3.2 are located on the top and bottom of
the fuel cell and in contact with it. They physically represent the gas channels that are
cut into the test housing to guide the fuel and air streams over the fuel cell. At one
end is an inlet and plenum, at the opposite end is another plenum and outlet. The gas
channels are 1mm2, square section with edges of 90◦. The plenum inlets and outlets are
in reality circular drillings of diameter 4mm, for ease of modelling they are represented
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here as a square channel of equivalent cross sectional area.
The transport processes that occur in the gas channels are convective and diffusive
mass transport in an unrestricted volume i.e. not through a porous medium. For this
work both the anode and cathode gas channels are assumed to contain a binary mixture
of gases; on the anode side a mixture of hydrogen fuel and water vapour flows; on the
cathode side a mixture of oxygen and nitrogen (air) flows.
3.1.2 Electrode Porous Layer Subdomain
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Anode PorousLayer Subdomain
Scaleenlargedin ‘X3’ dir.
Figure 3.3: Electrode porous layer subdomain
The electrode porous layers shown in figure 3.3 are layers of the fuel cell itself and
comprised of porous material co-sintered with the other layers. Both convective and
diffusive heat and mass transport occurs in these subdomains, with heat transfer by
conduction as an additional mechanism.
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3.1.3 Electrode Active Layer Subdomain
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Figure 3.4: Electrode active layer sub-domain
The electrode active layer subdomains shown in figure 3.4 are also part of the fuel cell
and represent the layer adjacent to the electrolyte in which the electrochemical reactions
take place. As well as the convective and diffusive heat and mass transfer that occurs
in the electrode porous layers, in the active layers electronic and ionic conduction to the
TPB takes place. At the cathode TPBs molecular oxygen is reduced to oxide (O2−) ions,
whilst at the anode TPBs molecular hydrogen and oxide ions are consumed and water
vapour is produced. It is assumed that the TPBs are distributed uniformly throughout
the active layer subdomain.
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3.1.4 Electrolyte Sub-domain
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Figure 3.5: Electrolyte subdomain
The electrolyte sub-domain shown in figure 3.5 allows the diffusive transport of oxide
ions under their own concentration gradient but acts as a barrier to other species. Oxide
ions are produced on the cathode side and consumed on the anode side and can diffuse in
all three dimensions although the largest concentration gradients are likely to be directly
across the electrolyte.
3.2 Finite Volume Method
The physical processes outlined in the previous sections can be modelled computationally
by using the finite volume method to solve conservation equations throughout a domain
representing the SOFC. The equations describing the conservation of mass, momentum
and energy outlined in the following sections are solved by the finite volume method
using the commercially available software package Star-CD [1], chosen because it allows
the user to develop subroutines to model the required physical processes.
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The finite volume method is a technique for evaluating partial differential equations
that describe physical processes such as fluid flow at specific points throughout a domain
of interest. Figure 3.6 shows how the fluid domain of a two dimensional flow problem, in
this case the flow through an enclosed channel with a step in it, is overlaid with a grid
of computational points.
Physical System Finite Volume Model
Detail of Finite Volume
Finite Volume or ‘Cell’
Cell Centroid (Computational point)
Cell Face
Flow In
Flow Out
Computational points
Figure 3.6: Schematic representation of a finite volume grid
The partial differential equations describing the processes being modelled are inte-
grated over a small (finite) volume, often referred to as a ‘cell’, associated with each
point in space. The cells are arranged such that their faces touch each other with no
gaps to form a continuous computational domain and the variables calculated from the
integration are then stored at the cell centroids (grid points). This process of chang-
ing the continuous equations describing a physical process in a domain into a series of
discrete calculations at points throughout the domain is known as discretisation. An
interpolation procedure is used to express the variables at cell vertices from cell vertex
values and any divergence of a variable in the volume integral is converted to surface
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fluxes on the cell faces using the divergence theorem. In the case of fluid flow the partial
differential equations describing the conservation of momentum are the Navier-Stokes
equations, which will be described in detail in subsequent sections. Figure 3.7 illustrates
how the computation proceeds overall.
Initialistation
Start
End
Boundary Conditions
User Subroutine – Posdat level 1
User Subroutine – Posdat level 2
Solve Momentum
Calculate Density
Solve Pressure
Solve Turbulence
Solve Enthalpy and Scalars
SIMPLE
Figure 3.7: Flow chart of Star-CD computational procedure
The SIMPLE (Semi-Implicit Method for Pressure-Linked Equations) computational
procedure is an established method [101] for solving the linear system of equations re-
sulting from the discretisation procedure. Star-CD uses the SIMPLE method to solve
the conservation equations by doing the following sequentially [38]
• set the boundary conditions
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• compute gradients of velocity and pressure
• compute uncorrected mass fluxes at cell faces
• solve the pressure correction equation to produce cell centroidal values of the pres-
sure correction
• update the pressure field using the pressure correction multiplied by an under
relaxation term
• correct the cell face mass fluxes
• correct the cell centroidal velocities
• update the density due to pressure changes
All of the additional calculations required to model the active processes in an op-
erational SOFC are executed inside a user programmable subroutine, posdat, called by
StarCD. The results of these calculations are stored as scalars at each cell centroid and
made available to the main StarCD code using other relevant subroutines to equate
a particular scalar to a StarCD code variable, which is then passed back to the main
StarCD calculation in the normal way by the subroutine.
Posdat can be called twice per StarCD iteration if required, this is controlled with
the ’level’ flag. In this work the level flag is set to 1 meaning that posdat is only called
once, at the beginning of each iteration.
3.2.1 Governing Equations
Following the descriptions of the SOFC model sub-domains and their associated physical
processes, the following paragraphs summarise the mathematical models that are used
in each sub-domain to represent these physical processes.
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Gas Channel Sub-domain
The transport equations for this sub-domain can be broadly divided into convective and
diffusive transport processes. The convective processes will be discussed first, followed
by the diffusive processes.
The steady state continuity equations for mass (3.1), momentum (3.2) and energy
(3.3) are used to model the convective transport processes in the gas channels
∂
∂xj
(ρuj) = 0 (3.1)
∂
∂xj
(ρujui − τij) = − ∂P
∂xi
(3.2)
∂
∂xj
(ρhtuj + fht,j) = uj
∂P
∂xj
+ τij
∂ui
∂xj
(3.3)
where xi are the cartesian coordinates, ui is the fluid velocity component in direction
xi, τij are the viscous stress tensor components, P is the pressure, ρ is the density, fht,j
is the thermal enthalpy flux in direction xj and the thermal enthalpy is defined as
ht = cpT − c0pT 0 (3.4)
where cp is the fluid mean specific heat at constant pressure and temperature T and c
0
p is
the specific heat at a reference temperature T 0. In equation (3.3) fht,j is the diffusional
thermal energy flux in the j directional and the viscous stress tensor components τij are
defined as
τij = μ
(
∂ui
∂xj
+
∂uj
∂xi
)
− 2
3
μ
∂uk
∂xk
δij (3.5)
where μ is the viscosity and δij the Kronecker delta. The conservation of species is given
by
∂
∂xj
(ρujYm + fm,j) = 0 (3.6)
where fm,j is the mass flux in direction j and Ym is the species mass fraction.
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An important consideration for the numerical model is whether the flow is laminar,
turbulent or in the transition regime between these two limiting cases and therefore
whether to include turbulence terms in equations (3.2) and (3.3). This is determined by
evaluating the Reynolds number, a ratio of viscous to inertial forces, for the flow in the
SOFC channels defined as
Re =
uh
μ
(3.7)
Taking the mean fluid velocity, u = 1ms−1, the kinematic viscosity μ, as that of air at
1273K (= 185.1 × 10−6 m2s−1) and the characteristic length, h as the channel height
(or width, as the two are equal) of 0.001m, Re ' 5. Fluid flow with Re ≤ 2000 is
considered to be laminar [61] and therefore the flow in this fuel cell is well within the
laminar regime.
Another important consideration is whether the flow regime is dominated by forced or
natural convection. This can be determined by comparing the Grashof number Gr (3.8),
to the square of the minimum Reynolds number Remin (3.7) likely to be encountered in
the fuel cell. If the ratio Gr/Remin
2 is much greater than 1 a buoyancy term must be
added to equation (3.2) to account for natural convection.
Gr =
gΔTρ2h3
Tμ2
(3.8)
In equation (3.8), g is the acceleration due to gravity and ρ is the density of the fluid
mixture. Taking the difference in temperature between the solid and the gas to be the
upper limit of what is anticipated from the literature, ΔT = 100◦C, Gr is calculated to
be 0.07. Therefore it is assumed that forced convection will dominate and a buoyancy
term will not be included in equation (3.2)
The diffusive mass fluxes of the gas species due to their concentration gradients are
calculated for the binary gas mixtures in the anode and cathode using Ficks Law, which
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assumes equi-molar counter diffusion such that
fm,j = −Dρ∂Ym
∂xj
(3.9)
where fm,j is the mass flux of species m in direction j and D is the diffusion coefficient.
The most commonly cited methods for calculating D for a binary mixture of gases
in an unrestricted volume is that of Chapman and Enskog [19, 26] derived from a kinetic
theory of gases assuming that the only way that a gas interacts is by collisions between
two particles at a time and that the gas molecules are non-polar. Fuller et al [35]
proposed another, simpler model and Bird et al [88] proposed a method of calculating
the diffusion coefficient when one component is water vapour. A full description of these
models can be found in [15]. Considering the case where two gases 1 and 2, counter
diffuse due to their own concentration gradients the binary diffusion coefficient is first
calculated using the Chapman-Enskog model
D12 =
−1.86× 10−3T 3/2M12
pd12
2Ω
(3.10)
where d12 is the average effective diameter of the molecules of gas species ‘1’ and ‘2’, Ω
is the collision integral [15] and M12 is given by
M12 =
M1 +M2
M1M2
(3.11)
Fuller [35] proposed the model
D12 = 1× 10−3T 1.75 M12
p
(
u
1
3
1 + u
1
3
2
)2 (3.12)
where u1 and u2 are the mean molecular velocities of gas species 1 and 2. Bird [15]
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proposed the model
D12 = 2.745× 10−4
(
T√
Tc,1Tc,2
)1.823
(Pc,1Pc,2)
1
3 (Tc,1Tc,2)
5
12 M
1
2
12
p
(3.13)
where Pc,n and Tc,n are the critical pressure and critical temperature of gas component
n. In order to judge which method of calculating the diffusion coefficient was most
suitable, D was calculated for the idealised situation of a binary mixture of non-polar
gases (Helium and Argon) for which experimental data were available [54].
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Figure 3.8: Calculated diffusion coefficient compared to experiment [54]
It can be seen from the results of the calculation and their comparison with experi-
ment in figure 3.8 that both the Chapman-Enskog and Fuller models predict the binary
diffusivity of helium and argon well. The Bird semi-empirical model deviates from the
experimental observations markedly for non-polar molecules and is not recommended
for binary gas mixtures where one component is hydrogen. The C-E model was imple-
mented in this work as it is used extensively in SOFC modeling work [92, 5, 19] and has
a sound theoretical basis.
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The diffusive thermal energy flux, fht,j is calculated according to Fourier’s law, which
has analogy with Fick’s law of diffusion for mass fluxes
fht,j = −keff
∂T
∂xj
+
∑
m
ht,mρvm,j (3.14)
where ht,m is the thermal enthalpy of gas species ‘m’ and keff is the effective thermal
conductivity of the gas mixture calculated by StarCD [38] according to
keff =
1
2
( N∑
n=1
Xnkn + 1
)(
N∑
n=1
Xn
kn
)−1 (3.15)
where Xn is the molar fraction of species n in the gas mixture and kn is the thermal
conductivity of species n.
Electrode Porous Layer Subdomain
In the electrode porous layer subdomains the continuity equations for the convective
fluxes of mass and energy in the open channels are modified by a factor χ, the open
volume porosity of the porous material.
∂
∂xj
(χρuj) = 0 (3.16)
∂
∂xj
(χρhtuj + fht,j) = uj
∂P
∂xj
+ τij
∂ui
∂xj
(3.17)
The conservation of species remains the same as for the gas channels. The conservation
of momentum is dealt with in a different manner as StarCD represents porous media as
a distributed momentum sink [38], by replacing the momentum equation with Darcy’s
law
Φjuj = − ∂P
∂xj
(3.18)
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Darcy’s law is valid in porous media when the pore Reynolds number, Rep ¿ 1 [41]
Rep =
ρudp
μ
(3.19)
where u is the mean velocity down a pore and dp is the pore diameter. In SOFC
electrodes with an average pore diameter of 1μm [41, 90] at a temperature of 800◦C ,
Rep ' 0.0001. The flow in the pores is therefore considered to be fully developed and
thus Darcy’s law holds in this subdomain.
In Star-CD the permeability, Φj is formulated as a quasi-linear function of the su-
perficial velocity magnitude |uj | using the specially formulated Ergun equation [38] with
two resistance coefficients α and β such that
Φ = α|uj |+ β (3.20)
α =
1.75ρ (1− χ)
χ3dpart
(3.21)
β =
150μ (1− χ)2
χ3d2part
(3.22)
Where ρ is the density of the fluid mix, χ is the volume porosity and dpart is the mean
diameter of particles comprising the porous medium.
For the particular conditions that exist in the SOFC electrodes the diffusive transport
of species under a concentration gradient is complicated further because the mean free
path of the gas molecules is of the same order as the mean pore diameter and therefore
two transport mechanisms must be taken into consideration, Knudsen flow and contin-
uum diffusion. Knudsen, or free molecule, flow is active when the molecular mean free
path is much greater than the pore diameter and therefore molecule-wall interactions
dominate, whereas continuum diffusion is active when the mean free path is much smaller
than the pore diameter and molecule-molecule interactions dominate. Calculating the
ratio of mean free path length to pore diameter reveals which mechanism is active. This
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ratio is the Knudsen number Kn
Kn =
λ
dp
(3.23)
where the mean free path of a molecule, λ is given by
λ =
kBT√
2πA2mfpP
(3.24)
where kB is Boltzmann’s constant and Amfp is the effective cross sectional area for
collisions.
When Kn À 1 diffusion can be described with Fick’s law by using a diffusion co-
efficient DiK , when Kn ¿ 1 continuum diffusion can be described by using a diffusion
coefficient Dij . For the binary mixtures of gases present in each of the electrodes, Dij
is the binary diffusion coefficient in an unrestricted volume and DiK is derived from the
kinetic theory of gases (see appendix C) such that for gas species i
DiK =
dp
3
[
8RT
πMi
] 1
2
(3.25)
where Mi is the molecular mass of species i. For the case of a solid oxide fuel cell oper-
ating at a temperature of 800◦C on pure hydrogen and oxygen at atmospheric pressure,
where the mean pore diameter is 1μm, Kn ' 0.5. For transition regimes, where Kn is
of the order of unity the Knudsen and continuum diffusion coefficients are combined via
the Bosanquet formulation to give an effective diffusion coefficient that is valid at any
Knudsen number such that, for species 1 in a binary mixture of gases 1 and 2 diffusing
through a porous medium
D1B =
(
1
D1K
+
1
D12
)−1
(3.26)
and for species 2
D2B =
(
1
D2K
+
1
D21
)−1
(3.27)
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The Bosanquet diffusion coefficients are modified further by a factor equal to the porosity
divided by the tortuosity, χ/ξ to account for the volume occupied by the porous matrix
material and increased mean diffusive path length through the layer thickness due to the
pores not connecting both sides of the porous medium by the shortest route. Equation
(3.28) shows how these factors affect the diffusion coefficient and result in a new effective
diffusion coefficient for the porous media, Deff,i.
Deff,i =
χ
ξ
DiB (3.28)
In this work Fick’s law is used with the diffusion coefficient Deff,i, as in other models
in the literature [92, 100, 58] because the gas mixtures are binary only and it is the only
pre-programmed diffusion model available in StarCD. In addition the behaviour of the
cell at high current densities, where the reaction rate is limited by the speed at which
reactant gasses can diffuse to the reaction sites, is not of primary concern.
The diffusive heat fluxes are also modified in the porous subdomain such that
fht,j = −keff (1− χ)
∂T
∂xj
+
∑
m
ht,mρvm,j (3.29)
The effective thermal conductivity keff of the gas mixture in this model is constant and
equal to 2W/mK
Electrode Active Layer Subdomain
In the electrode active layers the electrochemical reactions and diffusive transport of
oxide ions occurs in addition to the convective and diffusive gas transport processes de-
scribed in the previous section for the electrode porous layers. The continuity equations
of mass (3.30), momentum (3.31), energy (3.32) and species (3.33) are modified with the
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relevant source terms to account for the electrochemical reactions.
∂
∂xj
(χρμj) = sp (3.30)
Φjuj = − ∂P
∂xj
(3.31)
∂
∂xj
(χρhtuj + fht,j) = uj
∂P
∂xj
+ τij
∂ui
∂xj
+ sh −
∑
m
Hmsm (3.32)
∂
∂xj
(ρujYm + fm,j) = sm (3.33)
In this work a positive value of the source term indicates an increasing quantity, while a
negative value indicates a decreasing quantity. In some work in the literature a decreasing
quantity is called a ‘sink’ term, but this opens the door to confusion as positive and
negative sink terms are also allowed. In this work only positive and negative source
terms are used. A summary of the source terms used in the electrode active layers is
given in table 3.1
Conservation Anode Active Layer Cathode Active Layer
Mass sp,a sp,c
Energy sh,a −
Oxygen - sO2
Hydrogen sH2 -
Water Vapour sH2O -
Oxide ions sO2−,a sO2−,c
Table 3.1: Source terms applied in electrode active layers
The source term in the conservation of species equation is necessary as chemical
reactions consume oxygen on the cathode side and hydrogen on the anode side, while
also producing water vapour on the anode side. Therefore for each reactant or product
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gas
∂
∂xj
(ρuj) = sm (3.34)
On the cathode side the consumption of O2 is accounted for with a source term, sm =
−sO2 related to the local current density Ilocal where
sO2 =
MO2Ilocal
4F
(3.35)
On the anode side the consumption of H2 and production of H2O gas occurs such that
sm = −sH2 + sH2O where the H2 and H2O source terms are given by
sH2 =
MH2Ilocal
2F
(3.36)
sH2O =
MH2OIlocal
4F
(3.37)
The enthalpy released when the hydrogen combines with oxygen in the anode active layer
is accounted for with the following source term in the energy conservation equation
sh = (−Δhf,H2O)
Ilocal
2F
− IVcell (3.38)
where the enthalpy of formation is given by
Δhf,H2O = (−240506 + 7.3835T ) (3.39)
The second term on the right hand side of equation (3.38) represents ohmic heating.
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Electrolyte Subdomain
The only mass transport process occurring in the electrolyte is the ordinary diffusion of
oxide ions under their own concentration gradient according to Fick’s law
fm,ion,j = −kion∂Cion
∂xj
(3.40)
where fm,ion,j is the diffusional mass flux of oxide ions in the j direction, Cion is the
oxide ion concentration and the usual diffusion coefficient has been replaced by kion, the
ionic resistance of the electrolyte.
3.2.2 Cell Potential and Losses
The maximum theoretical cell potential that can be achieved by a fuel cell under a
specific set of operating conditions, Vrev is given by the Nernst equation introduced in
section 1.1.1
Vrev = −Δg
0
2F
+
RT
2F
ln
(
pH2OpO2
1
2
pH2p
0
1
2
)
(3.41)
where Δg0 is the change in Gibbs free energy associated with the oxidation of hydrogen
at standard temperature and pressure p0, F is Faraday’s constant, T is the temperature
at which the reaction occurs, R is the universal gas constant and pgas is the partial
pressure at the reaction site of the gas denoted by the subscript.
As discussed in section 1.1.2 the measured cell voltage will always be less than the
reversible cell voltage because of the three mechanisms that lead to voltage drops, also
called overpotentials, that act to reduce the measured cell voltage. These are; the
activation overpotential, a voltage drop due to slow reaction kinetics, significant at low
current densities and modelled by the Butler-Volmer equation; the ohmic overpotential, a
voltage drop caused by resistance to electronic and ionic flow in the SOFC, approximately
linear with current density and significant throughout the operating range of the fuel
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cell, modelled by Ohm’s law; and the concentration overpotential, a voltage drop caused
by the mass transport limitations to and from the reaction sites at high current densities.
The concentration overpotential actually represents a limiting current density and is
accounted for in this work by the convective and diffusive mass transport models rather
than a specific, separate calculation. Therefore the cell potential predicted by this model
is calculated according to
Vcell = Vrev − ηact − ηohm (3.42)
where ηact and ηohm are the activation and ohmic overpotentials respectively.
The activation overpotential is calculated at each cell centroid in the anode and
cathode. The anode and cathode activation overpotentials are then taken as the vol-
ume average of all cell activation overpotentials in the anode or cathode active layer as
appropriate.
3.2.3 Electrochemical Reaction Rate - Activation Overpotential
The local current densities in each finite volume cell can be calculated using the Butler-
Volmer equation, first described in section 1.1.2, given again here for reference
I = I0
[
exp
(
βneFηact
RT
)
− exp
(− (1− β)neFηact
RT
)]
(3.43)
The Butler-Volmer equation is sometimes implemented in the form given in (3.43) by
assuming that I0 is uniform throughout the fuel cell layer. In fact the exchange current
density is a function of reactant gas partial pressure [4, 53], so a term is introduced to
the B-V equation to account for this. The proposed modification of the Butler-Volmer
equation is applicable to both the SOFC anode and cathode reactions such that equation
(3.43) takes into account the partial pressures of reactants and products. Equation (3.44)
is applicable to the anode where pH2,tpb, pH2,f are the partial pressures of hydrogen at the
triple phase boundary and the fuel channel respectively. Equation (3.45) is applicable
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to the cathode where pO2,tpb , pO2,a are the partial pressures of oxygen at the TPB and
air channel. It is assumed that βan = βca = 0.5.
Ian = (XH2)
0.5 I0,an
[
exp
(
βanneFηact,an
RT
)
− exp
(− (1− βan)neFηact,an
RT
)]
(3.44)
Ica = (XO2)
0.5 I0,ca
[
exp
(
βcaneFηact,ca
RT
)
− exp
(− (1− βca)neFηact,ca
RT
)]
(3.45)
The molar fraction of a reactant gas, Xgas is given by (3.46)
Xgas =
(
pgas,tpb
pgas,channel
)
(3.46)
The exchange current density in the anode and cathode is considered to be only a
function of temperature, the values are taken from [92] and given again for reference in
table 3.2
Temperature (K) I0,an I0,ca
1073 5300 2000
1123 10000 4000
1173 23000 8000
Table 3.2: Anode and cathode exchange current density [92]
3.2.4 Current Flow - Ohmic Overpotential
Ohmic losses are caused by the resistance of the electrolyte to oxide ion flow and of the
electrodes to electron flow, and by interface resistances. The relationship between the
current flowing through the cell I, and the voltage drop ηohmic is given by Ohms law
ηohmic = IRohmic (3.47)
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Rohmic can be calculated from (3.48) where t and ke correspond to the thickness and
conductivity in the electrodes or electrolyte as denoted by the relevant subscripts.
Rohmic =
tan
ke,an
+
telectrolyte
ke,electrolyte
+
tca
ke,ca
(3.48)
A summary of conductivity values used in this work is given in table 3.3
Layer Material ke (1/Ωm)
Electrolyte YSZ 33×103 exp
(
−10.3×103
T
)
Anode Ni/YSZ 4.2×107T exp
(−1200
T
)
Cathode LSM 9.5×107T exp
(−1150
T
)
Table 3.3: Ionic and Electronic Conductivity of SOFC Materials [31]
3.2.5 Assumptions and Boundary Conditions
The fuel cell model developed in this section assumes the following:
• All gases are incompressible.
• The cell operates in a steady-state condition.
• The cell operates at atmospheric pressure.
• The flow is laminar throughout.
• Ion transport in the electrolyte is diffusive.
• The enthalpy change due to ionisation of oxygen molecules is negligible.
• Heat transfer by radiation is neglected.
All walls of the flow channels are defined as no-slip and isothermal. The boundary
conditions and physical properties used in this model are summarised in table 3.4
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Parameter Symbol Value Reference
Air Channel Inlet Gas
Oxygen YO2 0.20 [4, 2, 92, 41, 106, 84]
Nitrogen YN2 0.80 [4, 2, 92, 41, 106, 84]
Velocity (ms−1) u 0.833 [90]
Fuel Channel Inlet Gas
Hydrogen YH2 0.9 [4, 2, 92, 41, 106, 84]
H2O (vapour) YH20 0.1 [4, 2, 92, 41, 106, 84]
Velocity (ms−1) u 2.1 [90]
Inlet Gas Temperature (K) Tinlet 1073 [4, 2, 92, 41, 106, 84]
Fuel Cell Operating Pressure (Pa) Pref 101325 [106, 84]
Cathode
Material - LSM [4, 8, 83, 92, 42, 41, 106]
Thermal Conductivity (W/mK) k 2 [4, 53]
Porosity (%) χ 30 [8, 92, 19]
Electrolyte
Material - 8YSZ [4, 8, 83, 92, 42, 106]
Thermal Conductivity (W/mK) k 2 [4, 53]
Anode
Material - Ni/YSZ [4, 8, 83, 92, 42, 41, 106]
Thermal Conductivity (W/mK) k 2 [4, 2, 32]
Porosity (%) χ 40 [8, 73, 19]
Table 3.4: CFD model boundary conditions
Channel Boundary Conditions
The anode and cathode channel inlet fluid velocities are based on flow rates of 800ml/min
humidified hydrogen, and 2000ml/min air (400ml/min oxygen + 1600 ml/min nitro-
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gen) giving 0.833ms−1 and 2.1ms−1 respectively through the inlet channel cross section.
These flow rates were taken from the Indec ASC1 technical information pack [90]. The
channel outlets are defined as pressure boundaries with a prescribed atmospheric pres-
sure and Neumann (zero concentration gradient) boundary conditions applied for the
normal velocities, temperature and species.
Electrode Porous Layer Boundary Conditions
Where the porous layer is in contact with the test housing no-slip, isothermal walls are
prescribed. No other boundary conditions were applied to the electrode porous layers as
they are completely contained within the fuel cell and must allow free transport of heat
and mass to and from this sub-domain.
Electrode Active Layer Boundary Conditions
The interfaces between the electrode active layers and the electrode porous layers pre-
scribe zero flux of oxide ions normal to the surface by using StarCD baffle elements.
Zero thermal resistance is specified.
Electrolyte Layer Boundary Conditions
At the interface between the electrolyte and the electrode active layer subdomains a
condition of zero flux of all species except the oxide ion is imposed normal to the interface
by the use of StarCD baffle elements. As with the electrode active layer, zero thermal
resistance is specified.
3.2.6 Computational Procedure
The calculation begins by initialising all of the scalars and species mass fractions to values
near to the anticipated final solution values. Then the subroutine posdat introduced in
subsection 3.2 is called and used to calculate the species diffusion coefficients, cell-wise
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local current densities and the sum of the current in the anode and cathode based on
the inital values of the activation overpotential. The sum of the cathode current is then
compared to the sum of the anode current, if the difference is greater than a defined
tolerance an inner iteration is activated to adjust the cathode activation overpotential
in the appropriate sense until the sum of the current in the cathode is within tolerance
of the sum of the current in the anode, thereby conserving charge. The anode reaction
is considered to be the driving force because the cathode reaction kinetics are slower
than those at the anode, and therefore the cathode activation overpotential is adjusted
to maintain current balance in the cell.
3.3 Results
The primary reason for developing the CFD model presented in this section was to
predict the temperature distribution in an operating fuel cell at different current densities
for use as boundary conditions in the finite element stress analysis described in chapter
4, and therefore this will be the focus of the following sections. The species concentration
and current density distribution will also be presented for one operating condition.
3.3.1 IV Curve
A polarisation curve was generated by running the model at different current densities
and plotting the corresponding predicted voltage. It is compared to experimental data
[90] in figure 3.9 where it can be seen that the model and experiment are in reasonable
agreement. This gives confidence that the model is operating in a way that represents
reality. The small difference in slope of the two curves could indicate a difference between
the assumed value of ionic conductivity used in the model and the actual value of the
material being tested as this had to be assumed.
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Figure 3.9: Comparison of predicted cell IV curve with experimental data [90]
3.3.2 Temperature Distribution
Three of the data points from figure 3.9 were chosen to represent low, medium and high
current density, these being 70, 160 and 300 mA/cm2 respectively. Figure 3.10 shows the
temperature distribution throughout the fuel cell when it is operating at 70 mA/cm2.
The results show an increase in temperature along the length of the flow channel, with
higher temperatures underneath the flow channels compared to underneath the housing
land. This can be seen very clearly in section X-X and the detail of section X-X in the
figure. The channel to channel variation in temperature reflects the distribution of flow
in the test housing shown in figure 3.11. Where the flow is highest through the central
channels there is an increased cooling effect. The detail view in figure 3.11 shows the
flow to have a fully developed, parabolic profile.
The areas underneath the plena at the inlet and outlet ends of the fuel cell show a
rise in temperature compared to the rest of the cell, this is likely to be because the only
heat transfer away from the fuel cell in those areas is by conduction through the fuel cell
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and heat transfer to the inlet and outlet gas streams rather than conduction through
the housing, which will be at furnace temperature. Figures 3.12 and 3.13 show the
temperature distribution throughout the fuel cell when it is operating at 160 mA/cm2
300 mA/cm2 respectively. Similar features of the temperature distribution are observed
for the mid and high operating current conditions with a greater temperature increase
observed for a higher operating current.
Air Inlet(Cathode) Fuel Inlet(Anode)
Air Outlet(Cathode) Fuel Outlet(Anode)
X X
Section X-X
Detail – Section X-X
Figure 3.10: Temperature distribution at 70 mA/cm2
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Figure 3.11: Flow distribution in cathode gas channels
89
Air Inlet(Cathode) Fuel Inlet(Anode)
Air Outlet(Cathode) Fuel Outlet(Anode)
X X
Section X-X
Detail – Section X-X
Figure 3.12: Temperature distribution at 160 mA/cm2
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Figure 3.13: Temperature distribution at 300 mA/cm2
3.3.3 Reactant Gas Concentration
Figure 3.14 shows the oxygen mole fraction distribution in the cathode at the low oper-
ating current of 70 mA/cm2. The decreasing oxygen mole fraction in the flow direction
indicates that oxygen is being used up as expected. The concentration of oxygen is
greatest in the air channels, whilst in the electrodes under the area where there is con-
tact with the test housing a very low oxygen mole fraction is found. This is likely to be
due to the limited mass transport by diffusion through the pores of the cathode to these
regions.
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Figure 3.14: Oxygen concentration distribution in cathode layers at 70 mA/cm2
Figure 3.15 shows the hydrogen mole fraction distribution in the anode. Similar
features are seen for hydrogen on the anode side as for oxygen on the cathode side: the
hydrogen mole fraction decreases along the flow direction as the hydrogen fuel is used
up. The concentration of hydrogen is low in the electrodes underneath the area where
the housing and the electrodes contact because of the limited mass transfer through the
pores of the anode.
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Figure 3.15: Hydrogen concentration distribution in anode layers at 70 mA/cm2
3.4 Discussion
In this chapter the development of three dimensional numerical model of a single Indec
solid oxide fuel cell in a test housing has been presented. The primary purpose of the
model was to predict a temperature distribution throughout the cell that is more realistic
than an assumption of uniform temperature for subsequent stress analysis and proba-
bility of failure calculation. The temperature distribution predictions at three different
operating currents have been presented as these will be used as boundary conditions for
the stress analysis in the following chapter.
The predictions of temperature increase across the fuel cell from the model developed
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in this work at first sight appear small when compared to other works such as Yakabe et
al [106] and Selimovic et al [84]. This is because the channel walls and exterior surfaces
of the fuel cell in this work have isothermal boundary conditions applied whereas many
models in the literature, including those just cited, have adiabatic boundary conditions.
In the work by Sudaprasert [92] a model of a five-cell SOFC stack in a furnace at
800◦C was used to make a direct comparison between isothermal and adiabatic boundary
conditions. A summary of the results of that investigation is shown for reference in table
3.5 highlighting the magnitude of the effect that the choice of boundary conditions can
have.
Boundary Conditions Maximum Temperature (◦C )
Co-flow isothermal 886
Counter-flow isothermal 887
Co-flow adiabatic 1224
Counter-flow adiabatic 1240
Table 3.5: Predicted peak temperature of SOFC with adiabatic and isothermal boundary
conditions [92]
Adzic et al [3] present an experimentally determined temperature field in an opera-
tional SOFC. In their experiment a 5cm x 5cm SOFC similar to the one in this study
was placed in a furnace at 950◦C with the cathode side exposed to ambient air and
the anode side supplied with a mixture of 8% hydrogen and nitrogen flowing through
a chamber sealed to the anode side. This allowed full use of the active area of the fuel
cell. Their results reproduced in figure 3.16 for a fuel cell operating at a power density of
17.5mW/cm2 1 show a surface temperature increase across the fuel cell in the region of
8◦C with two ‘hot spots’ at the edge of the cell showing local temperature increases of ap-
proximately 15◦C. For the model developed in this work the peak temperature increases
over the isothermal boundary temperature of 29, 37 and 41◦C for power densities of 68.6,
1calculated based on an assumed active area of 16cm2
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159.8 and 273 mW/cm2 correlate in order of magnitude with the predictions of Adzic
et al [3]. The results of the boundary conditions study by Sudaprasert [92] suggest that
adiabatic boundary conditions would lead to significantly higher predicted temperature
gradients, which would not correlate with Adzic’s results. In light of the only available
experimental evidence isothermal boundary conditions are considered appropriate for
the model in this work.
Figure 3.16: Measured temperature distribution over a SOFC [3]
The distribution of reactant gas concentration was also presented for a single op-
erating current and showed the concentration of reactants diminishing along the flow
direction as the fuel cell reactions proceeds. The principal conclusions of this chapter
are
• the cell gets hotter along the flow direction as expected from a review of other
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SOFC models in the literature
• increasing the operating current increases the magnitude of the temperature rise
from inlet to outlet
• the inclusion of multiple flow channels connected to a single inlet and outlet via
a plenum representing the design of a test housing has been shown to have a
significant effect on the in-plane temperature distribution.
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Chapter 4
Thermal Stress Model
The aim of this chapter is to describe the development of a thermal stress model of the
solid oxide fuel cell that is able to predict the evolution of thermo-mechanical stress from
manufacture, through a simplified duty cycle and final cool-down in order to assess the
probability of failure of the different layers. Models of each stress generating mechanism
will be presented and discussed, then combined into a single time dependent analysis
representing an idealised SOFC life cycle.
A significant source of stress in the SOFC ceramic membrane comes from the dif-
ferential expansion of the layers when they are heated and the requirement of strain
continuity at the interface between layers. Figure 4.1 shows schematically the strain on
a cross section through a multi-layer plate with differing coefficients of expansion in each
layer, subjected to a uniform temperature increase ΔT when there is no strain continuity
at the layer interfaces, and when strain continuity is imposed. In the latter case stresses
are set up in the layers.
The most likely mechanisms for mechanical failure of the SOFC ceramic membrane
are: high stresses causing instantaneous brittle fracture initiating at pre-existing flaws;
lengthening of cracks over time until a critical crack length is reached and brittle frac-
ture occurs. The former mechanism is referred to as ‘time-independent’ and the latter as
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Zero stress condition
Temp = Tref
Layers free to expand
Temp = Tref + T
Strain continuity at layer interfaces
Temp = Tref + T
Tensile Stress
Compressive Stress
Compressive Stress
Layer 1, 1
Layer 2, 2
Layer 3, 3
2 > 3 > 1
Figure 4.1: Free expansion and expansion with the condition of strain continuity at layer
interfaces on heating of a multilayer plate
‘time-dependent’. Determining the stress distribution throughout the cell is an impor-
tant step towards calculating the probability of mechanical failure of the cell by either
the time dependent or time independent mechanisms.
The stress state of the fuel cell ceramic membrane at any point during its lifetime
is a superposition of the stresses generated by each mechanism that has been active up
to that point in the history of the membrane. Figure 4.2 shows schematically how the
temperature, and therefore stress level, of a fuel cell might vary from initial sintering
onwards.
At the end of sintering (manufacture) of the ceramic membrane at time t0 the stress
state is assumed to be zero everywhere. As the membrane cools to room temperature at
time t1 stresses build up due to the differential thermal contraction of the layers. The
next significant stress change in the membrane is between t2 and t3, when it is heated up
98
Tem
pera
ture
/Pow
er High Power 
Med Power
Low Power
Room Temp
Sintering
Furnace 
t1 t4 Time
t3t2 t6t5 t8t7t0
Figure 4.2: Schematic representation of SOFC thermal history
in a furnace to a nominal operating temperature thus relieving some of the stress that
was generated during cooling to room temperature. When the fuel cell is at operating
temperature the NiO/YSZ anode precursor is chemically reduced to Ni/YSZ with an
accompanying change in material properties by the gradual introduction of hydrogen to
the anode gas channel over the time period t3 to t4. As the material properties change
the stress distribution in the membrane will also change. After reduction of the anode
is complete at t4 the fuel cell will generate electricity when air and fuel are passed over
the cathode and anode respectively. In doing so in-plane temperature distributions are
created as the heat is released by the reaction, which in turn warms up the fuel and air
gases and leads to temperature gradients in the flow direction. As the power demand on
the fuel cell is changed at t5 and t6, so the temperature distribution changes, on average
increasing as the power demand increases. Visco-plastic creep at operating temperature
may act to relieve stress over long time periods typical of the operating lifetime expected
of SOFC. Finally at t7 the fuel cell is purged with an inert gas so that re-oxidation of
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the anode does not occur and cooled to room temperature at t8.
In summary stress can be generated in a SOFC from sintering and one duty cycle
from; manufacturing (residual stress) [105, 9, 33]; differential thermal expansion [66];
temperature gradients [84, 106]; volume changes on reduction or oxidation [73]; exter-
nal mechanical loading or restraint; and oxygen activity gradients [8]. The secondary
mechanism acting to relieve stresses over long timescales compared to the thermo-elastic
mechanisms is visco-plastic creep [68, 23]. There is some evidence [80] that allowing redox
cycling to occur, where the anode is allowed to oxidise on cooling and subsequently must
be reduced again when the cell is heated to generate electricity, may induce additional
strains. Redox cycling is not covered in this study.
In this chapter the magnitude of the stresses generated or relieved by each of the
described mechanisms will be assessed individually using a finite element model and
analytical solutions where possible. The models of each mechanism will then be combined
into a single analysis to determine the evolution of stress over time in the ceramic
membrane. The dependence of the thermo-elastic properties of the materials comprising
the ceramic membrane on both temperature and porosity will also be discussed.
4.1 Material Behaviour
A material is considered to be elastic if when it is deformed under an applied stress, it
returns to its original size and shape when the stress is removed. A material is considered
to be linear elastic if the relationship between stress and strain can be described by a
constant. This is the familiar Hooke’s law. For the stress/strain curve shown in figure
4.3 if the material only experiences stress up to σel it will behave in a linear elastic way,
if this stress is exceeded the deformation will be non-linear with increasing stress. If the
stress strain curve is retraced exactly as the material is unloaded, it is still behaving in
an elastic way and is said to be non-linear elastic. However many engineering materials,
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particularly metals, undergo additional plastic deformation, pl once the bounds of linear
elasticity are exceeded so that when the material is unloaded it will not retrace the same
stress/strain curve and permanent deformation, perm will still be present when the load
is completely removed. Ceramics exhibit very little plasticity and consequently usually
fail at their elastic limit, all of the ceramic materials in this work are considered to
behave in a linear elastic way over short timescales.
el + plel
el
perm
Figure 4.3: Elastic and plastic regions of a typical stress/strain curve
4.1.1 Linear Elasticity
For an ideal linear elastic spring subjected to a force F , along its length Hooke’s law
states that the displacement x, is proportional to F with the constant of proportionality
being the spring stiffness κ, such that
|F | = κ|x| (4.1)
Equation (4.1) is the constitutive equation for a one dimensional spring, relating the
force applied to the displacement or stress. For a three dimensional object the spring
stiffness is replaced by the elasticity tensor Eijkl, the force is replaced by the stress
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tensor σij and the displacement by the strain tensor 
F
kl. The superscript F denotes
strain generated by a force not by a thermal expansion. The constitutive equation then
becomes
σij = Eijkl
F
kl (4.2)
The elasticity tensor for isotropic materials is written as
Eijkl = λδijδkl + μ (δikδjl + δilδjk) (4.3)
where λ and μ are the Lame´ constants related to Young’s modulus E, and the Poisson
ratio ν, by
λ =
Eν
(1− 2ν) (1 + ν) (4.4)
μ =
E
2 (1 + ν)
(4.5)
Therefore when the stress due to the applied force and the elastic material properties
that comprise the elasticity tensor are known, the strain can be calculated.
Deformation With Temperature Change
The total strain in a body subjected to both a force and thermal expansion can be
written
ij = 
T
ij + 
F
ij (4.6)
where Tij are components of the thermal strain and 
F
ij are components of the strain due
to the applied force. The thermal strain resulting from a change in temperature of an
unconstrained isotropic volume of material is given by
Tij = α (T − T0) δij (4.7)
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where the subscripts i, j represent directions in cartesian space, α is the coefficient of
thermal expansion of the material, T0 and T are the initial and final temperature of
the body. For a linear elastic body at equilibrium at temperature T0, subjected to a
temperature rise (T − T0) the constitutive equation therefore becomes
σij = αEijkl (T − T0) + EijklFkl (4.8)
4.1.2 Thermo-Elastic Material Properties
In this work all materials are assumed to be linear elastic, homogeneous and isotropic. In
this case the elasticity tensor reduces to a single scalar, the elastic or Young’s Modulus
denoted ‘E’. The thermo-elastic material properties available in the literature for fully
dense material samples relevant to SOFCs are summarised in table 4.1 as a function of
temperature. Where there is a variation of material properties such as α and E with
temperature a linear interpolation is assumed between the data points quoted.
Layer Electrolyte Cathode Anode
Material YSZ LSM NiO/YSZ
E0 (GPa) 298K 190 [8] 110 [36] 207.2 [82]
1073K 157 [8] - 171.2 1
1273K - 118 [36] -
ν0 298K 0.308 [8] 0.36 [36] 0.328 [82]
1073K 0.313 [8] - 0.3331
1273K - 0.36 [36] -
α(×10−6m/mK) 298K 7.6 [44] 9.8 [107] 11.7 [107]
1273K 10.5 [44] 11.8 [107] 12.5 [107]
Table 4.1: Material properties of fully dense SOFC materials
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The elastic modulus and Poisson’s ratio of the porous cathode (LSM), anode (Ni or
NiO/YSZ) and a porous magnesia spinel (MMA) material used as a support structure in
the Rolls Royce IP-SOFC, have all been shown to be strongly dependent on porosity [82,
73, 36]. This is particularly relevant for the material properties of the anode, where the
volume porosity of the porous anode structure increases significantly on reduction from
NiO/YSZ to Ni/YSZ, with a corresponding change in material properties. A relationship
between initial porosity of NiO/YSZ and final porosity of reduced Ni/YSZ determind
by Radovic et al [74] is shown in figure 4.4.
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Figure 4.4: Relationship between final porosity of reduced anodes and initial porosity of
the oxide composite precursor before reduction [74]
From a separate study of the mechanical properties of the Ni-NiO/YSZ cermet as
a function of percentage of NiO reduced Radovic et al [73] concluded that the changes
in material properties on reduction were due predominantly to the change in bulk vol-
ume porosity. There have been several models proposed to account for this porosity
1Calculated here assuming same temperature dependence as pure YSZ
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dependence, the more frequently quoted are; the exponential or Minimum Solid Area
(MSA) model used by Spriggs [89], Knudsen [50] and Atkinson [82] based on the re-
duction in load bearing volume available in a porous material given by equation (4.9);
the Dilute Spherical Pores (DSP) model of a solid with a low density of spherical pores
proposed by Hasselman [43] and referred to as the ‘non-linear’ semi-empirical model
by Selcuk et al [82] given by equation (4.10); and the theoretically based Composite
Spheres Model (CSM) proposed by Ramakrishnan and Arunachalam [76] for determin-
ing the bulk elastic modulus of a composite material composed of touching spheres of
one or more materials, given by equation (4.11).
E = E0 exp (−bχ) (4.9)
E = E0
(
1− bχ
1 + (χ− 1)χ
)
(4.10)
E = E0
(
(1− χ)2
1 + bχ
)
(4.11)
where E0 is the elastic modulus of the fully dense material, b is a material constant and
χ is the fractional pore volume. In this work the DSP model is adopted to calculate
the changing material properties of the anode as it undergoes reduction, as it has been
shown to give the best fit to experiment for YSZ and YSZ composites [82] as shown in
figure 4.5 reproduced from Selcuk et al [9]. The other models offer a reasonable fit to
experiment and of these the CSM has the largest errors.
Table 4.3 gives the bulk material properties of the composite anode as a function of
porosity calculated according to the non-linear (DSP) model (4.10) with b = 2.55 [82],
the cathode material properties are from Giraud et al [36].
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Figure 4.5: Experimentally determined elastic and shear modulus of NiO/YSZ samples
as a function of porosity compared with the CSM, exponential and non-linear models,
from [9]
Porosity (%) Anode Cathode
(NiO-YSZ) (LSM)
E (GPa) ν E (GPa) ν
0 207.22 0.328 110 0.36
10 161.5 0.313 - -
20 126.5 0.301 - -
30 99.0 0.292 41 0.28
40 76.75 0.283 - -
50 58.4 0.281 - -
Table 4.2: Anode and cathode bulk material properties at room temperature as a func-
tion of porosity
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Porosity (%) Anode Cathode
(NiO-YSZ) (LSM)
E (GPa) ν E (GPa) ν
0 171.2 0.331 116.4 0.36
10 133.4 0.316 - -
20 104.5 0.304 - -
30 81.8 0.295 43.4 0.28
40 63.4 0.286 - -
50 48.3 0.277 - -
Table 4.3: Anode and cathode bulk material properties at 800◦C as a function of porosity
There is some evidence that E and α also have a dependence on the partial pressure
of oxygen [8], but this effect has not been included in the model.
4.1.3 Visco-Plastic Material Behaviour
Creep is the term used to describe the tendency of a material to relieve internal stress
over time by deformation at stress levels below the material yield stress. Creep normally
occurs when a material is subjected to high temperatures, and is more rapid under
high stress. The stress relieving deformation can be plastic and permanent, which is
usually the case with metals and ceramics, or elastic, as is the case with some polymers
[30]. These mechanisms are defined as visco-plastic and visco-elastic creep respectively.
Metals typically start to deform visco-plastically at temperatures around 30-40% of
their melting temperature, with ceramics this happens around 40-50% of their melting
temperature [6].
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Figure 4.6: Typical visco-plastic creep curve
Visco-plastic creep typically has three stages as shown in figure 4.6. Initially the
strain rate slows with increasing strain, this is known as primary creep. The strain rate
eventually reaches a minimum and becomes near-constant. This is known as secondary
or steady-state creep, it is this regime that is best understood and accounts for the
largest proportion of total creep deformation. The stress dependence of the secondary
creep rate depends on the detail of the creep mechanism. In tertiary creep, the strain-
rate exponentially increases with strain until failure occurs. The steady state creep
behaviour of a material can be described by the following relation [6, 30]
˙ = A exp
(
− Qc
RT
)
(4.12)
Where ˙ is the steady-state creep rate, A is a material constant, Qc is the creep activation
energy, R is the universal gas constant and T is the absolute temperature. The material
constant A, has complex dependencies on the applied stress σ, the stress exponent nc,
the grain size L, and a grain size exponent ngs. There can also be dependencies on p (O2)
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the oxygen partial pressure and nO2 the oxygen partial pressure exponent
A = σncL−ngsp (O2)nO2 (4.13)
Experiments by Wolfenstine et al [103], Dimos et al [28], Cannon et al [18] have
shown nO2 = 0 i.e. the creep rate is not dependent on oxygen partial pressure and is
only therefore dependent on the grain size in LSM and YSZ. In this work the effect of
changing grain size due to material processing changes or microstructural evolution over
time is not considered and therefore the grain size is taken to be constant.
There are several mechanisms by which visco-plastic creep can occur in polycrys-
talline materials such as nickel and zirconia, all based on the movement of lattice defects
such as vacancies or dislocations, through the grains or round the boundaries [6]. They
can be broadly categorised as:
• Thermally activated glide
• Climb assisted glide
• Climb
• Diffusive
The diffusive mechanism can be further subdivided into grain boundary diffusion and
lattice diffusion, known as Coble creep and Nabarro-Herring (N-H) creep respectively.
In N-H creep atoms and vacancies diffuse through the crystal lattice causing grains to
elongate along the stress axis, whereas in Coble creep the atoms and vacancies diffuse
along grain boundaries to elongate the grains along the stress axis and allow movement
between grains. There are two factors that control which diffusive mechanism is active,
the diffusion activation energy for each process and the diffusive path length. For a
given material the lattice diffusion activation energy, Ql associated with N-H creep is
typically larger than the grain boundary diffusion activation energy, Qgb associated with
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Coble creep, while the diffusive path length is generally shorter through the lattice than
around the boundary [30]. Coble creep is active at lower temperatures than N-H creep
and at SOFC operating temperatures it is considered to be the dominant creep deforma-
tion mechanism [55, 42]. Microstructural observations by various researchers [104, 68]
using tunneling electron microscopy show that for both YSZ and LSGM at SOFC oper-
ating temperatures, after creep deformation has occurred the individual grains remain
equiaxed. This indicates that the creep deformation mechanism is confined to the grain
boundaries, supporting the theory that Coble creep is dominant at SOFC operating
temperatures.
For single phase materials it is relatively simple to determine the material creep
parameters at a range of different temperatures. In the case of the two phase nickel-
zirconia anode cermet the situation becomes significantly more complex. It has been
proposed [68] that the creep rate of a Ni/ceramic composite is controlled by the creep
characteristics (nc, Qact) of the matrix phase, in this case zirconia, and the addition
of nickel increases overall strain rates due to the overlapping of grains of the softer
nickel phase above the percolation threshold. Studies have shown that the addition of
Nickel to a fine grained YSZ matrix can increase the creep rate by nearly an order of
magnitude at SOFC operating temperatures but that the stress exponent and activation
energy remain consistent with the ceramic matrix material. In particular, one of the
conclusions of work by Gutierrez-Morales et al [39] is that the creep rate of the Ni/YSZ
cermet is controlled by the softer nickel phase for nickel contents over the percolation
threshold needed to get good electrical conductivity [39]. However, in their work the
experimentally derived stress exponent and activation energy still correlate with those of
the YSZ matrix, and the conclusion that the nickel phase controls the creep behaviour is
not widely supported. Therefore the creep properties of the anode cermet are assumed
to be those of the YSZ ceramic matrix phase with the consideration that the actual
strain rates could be higher.
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4.1.4 Visco-Plastic Material Properties
Table 4.4 presents the material properties used in this work. As the material properties
vary significantly with grain size it is critical to have material properties that are derived
from appropriate samples with representative grain sizes and material constants, when
using an analysis to investigate a specific problem. As such the material data used in
this work are representative only. Coble creep is the active deformation mechanism when
nc ' 1.
Property Temp (K) Electrolyte Cathode Anode
(YSZ) (LSM) (Ni/YSZ)
nc 1273 1.0 [23] 1.3[78] 1.0 [39]
Qc (kJ/mol) 1273 390-460 [23] 405-521 [78] 390-460 [39]
A - 402 57003 404
Table 4.4: Time dependent material properties
4.2 Analytical Solution for Thermo-Elastic Stress in Thin
Laminated Plates
Analytical models provide a concise view of the behaviour of a system and its dependence
on key variables very quickly and are often used to cross check numerical models. In order
to calculate analytically the thermal stress in each layer of a multilayer laminated plate
a formulation based upon an original work by Hsueh [45] was adopted. The layers can
have individual thermo-elastic material properties and are free to bend when subjected
to a uniform temperature change. This formulation was chosen because it provides an
exact solution for the stress in the layers from a set of closed form equations.
2Calculated data in Chokshi et al [23] and eq. (4.12)
3Calculated data in Routbort et al [78] and eq. (4.12)
4Calculated data in Gutierrez et al [39] and eq. (4.12)
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A multi-layer strip is shown schematically in figure 4.7 in which n layers of individ-
ual thicknesses ti are laminated together such that there is strain continuity at layer
interfaces. The subscript i denotes the layer number from 1 to n, the material prop-
erties of Young’s modulus and thermal expansion coefficient are denoted by Ei and αi
respectively.
Layer 1
Layer n
Layer i
Layer 2x3 x3 = h1x3 = h2
x3 = hn-1
x3 = 0
x3 = hn
t1
tn
ti
t2
Figure 4.7: Definition of Variables in Analytical Multilayer Thermal Stress Model
The relationship between the cumulative thickness hi and the individual layer thick-
ness ti, is described by
hi =
i∑
j=1
tj (i = 1, n) (4.14)
The Hsueh approach decomposes the total strain in the system into a uniform component
of an effective composite bar, and a bending component induced by the deviation of strain
in a layer from that in the composite bar. The total strain in the system is therefore
formulated as (4.15)
 = c+
x3 − tb
r
(for 0 ≤ x3 ≤ hn) (4.15)
Where c is the uniform strain component given by (4.16), r is the radius of curvature of
the system (4.17), x3 is the through thickness position at which the strain is calculated
and tb denotes the position of the bending axis (4.18) in direction x3 taking the free
surface of layer 1 as x3 = 0. The bending axis is a definition that is particular to the
Hsueh model and defined as the line in the cross section of the system where the bending
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strain component is zero. This is not the same as the conventional neutral axis, which
is defined as the line in the cross section of the system where the normal stress is zero.
c =
ΔT
∑n
i=1Eitiαi∑n
i=1Eiti
(4.16)
r =
E1t
2
1 (2t1 + 3tb) +
∑n
i=2Eiti
[
6h2i−1 + 6hi−1ti + 2t2i − 3tb (2hi−1 + ti)
]
3
[
E1 (c− α1ΔT ) t21 −
∑n
i=2Eiti (c− αiΔT ) (2hi−1 + ti)
] (4.17)
tb =
−E1t21 +
∑n
i=2Eiti (2hi−1 + ti)
2
∑n
i=1Eiti
[1ex] (4.18)
From equation (4.8) the normal stresses in the layers, σi are related to the strains by
σi = Ei (− αsΔT ) (4.19)
If a plate rather than a strip is being considered, as is the case with this SOFC model
the biaxial Young’s modulus E′i should be substituted for Ei.
E′i = Ei/ (1− νi) (4.20)
where ν is Poisson’s ratio and the subscript i denotes the layer.
The mechanical boundary conditions that are applied to a stress model, analytical or
otherwise, often have a large influence on the predictions of the model. In order to asses
two extreme sets of boundary conditions that a plate might experience, the stresses were
calculated for a three layer laminated plate constrained to remain flat (r =∞) and one
that is free to bend under the application of a uniform temperature increase of 1000◦C
. In this analysis the SOFC ceramic membrane has been simplified to a three layer
system by assuming that the electrode active layers have the same thermo-mechanical
properties as their counterpart electrode porous layer. The porous anode support is
taken as layer 1, the electrolyte as layer 2 and the cathode as layer 3. Ei and μi are
taken to be uniform and constant throughout a layer according to table 4.3. The results
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are presented in figure 4.8.
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Figure 4.8: Stress in layers for a three layer SOFC system
If the cell is constrained to remain flat the stress in the structural anode layer is
uniform and compressive. Allowing the membrane to bend changes the stress distribution
in the anode layer so that part of it now experiences tensile stress. This is significant
because fracture of the ceramic will only occur under tensile stress, thus the probability
of failure of the structural support layer containing the bending axis would be zero for
the ‘planar’ case in figure 4.8 but some finite value for the ‘free’ case.
The strength of an analytical model like the one described here is that the effect
of changing global parameters like temperature or material properties can be quickly
assessed. Figure 4.9 shows how small changes in the coefficient of thermal expansion of
one layer, the electrolyte, can significantly influence the peak stresses in the other layers
when a temperature increase of 1000 ◦C is applied and the membrane is free to bend.
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Figure 4.9: Peak stress in Layers for Varying Electrolyte CTE
4.3 Finite Element Method
The temperature distribution in the fuel cell is accepted to be more complex then a
uniform temperature throughout the cell [106, 41] that has been assumed in the ana-
lytical thermal stress model developed in this work so far. Deriving analytical solutions
for the stresses generated by non-uniform temperature fields quickly becomes very com-
plex, if not impossible. The finite element method is a convenient and powerful way of
performing this calculation provided the temperature distribution is known.
The finite element method is a numerical technique for solving the field equations of a
body and in this work the Abaqus finite element analysis software is used. In the context
of structural analysis the finite element method is used to calculate the displacements
and stresses at given locations throughout a structure when loading is applied. The
approach divides the structure of interest up into small, conveniently shaped elements
with nodes at each corner as depicted schematically in figure 4.10. When this has
been done calculations are performed on two levels, globally it is possible to predict the
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behaviour of the macroscopic structure when loading is applied by making assumptions
about the the node to node coupling; locally, within each element, it is possible to
express the strain and stress at any point within an element by using ‘shape’ functions
that describe variations of field variables such as displacement or stress between nodes
in terms of nodal displacements.
Mg/2
Mg/4 Mg/4
M
Detail of single element
Fx1,1
Fx1,3Fx1,2
Fx1,4
Fx2,2
Fx2,4
Fx2,3
Fx2,1
Physical system Finite element model
n1 n4
n2 n3
x2
x1
x2
x1
Figure 4.10: Finite element model of cantilever beam
The shape function is most commonly a linear or quadratic polynomial leading to the
elements themselves being known as ‘linear’ or ‘quadratic, or ‘first’ and ‘second’ order
elements respectively. These different types of element are available to suit different
modelling situations; the linear element is simple and allows faster computation times
than the more complex quadratic element but cannot represent all situations correctly,
particularly in problems where bending is present. For the example of a cantilever beam
where a moment is applied to the elements, a linear element would not be able to deform
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in the way required for bending as there can only be a linear variation of displacement
between the nodes. In this case the quadratic element is required as illustrated in figure
4.11
m m
Deformation of linear element
Deformation of quadratic element
Figure 4.11: Deformation of linear and quadratic elements under an applied moment
The forces, Fx1,n, Fx2,n and displacements at node n are related to each other by
Hooke’s law so that for a three dimensional model
[F ] = [κ] [x] (4.21)
where [F ] is the matrix of forces, [κ] is the stiffness matrix, dependent on the material
properties assigned to the element, and [x] is the displacement matrix. In order to solve
equation (4.21) for the displacements the matrix [k] must be inverted, which is typically
the most computationally intensive part of this type of finite element analysis.
4.3.1 FEM Computational Domain
The computational domain represents the same SOFC defined in the CFD model of
chapter 3, and is shown schematically in figure 4.12. As the temperature distribution
has been shown from the CFD model to be symmetrical about a plane in YZ, only half
of the cell was modelled with an appropriate symmetry plane to reduce computation
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time. The geometry was based on the Indec ASC1 cell, the dimensions of which are
given in table 4.5.
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Figure 4.12: FEA Model Computational Domain
x1,a = 50mm x2,a = 10mm h1 = 600μm
x1,b = 60mm x2,b = 110mm h2 = 610μm
x1,c = 55mm x2,c = 120mm h3 = 616μm
x2,d = 5mm h4 = 626μm
x2,e = 115mm h5 = 656μm
Table 4.5: Dimensions of Indec ASC1 Cell
4.3.2 Analytical and Finite Element Model Comparison
It is important to note that if too few elements are used in the FE analysis the as-
sumptions implicit in the element shape functions and therefore the global field variable
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solution could be incorrect. When a sufficient element density is used increasing the
number further will produce the same solution, in this case the solution is said to be
mesh independent. To verify that the results of a finite element analysis are mesh inde-
pendent two steps are taken. First, a number of simulations are run with progressively
finer meshes. Plotting a calculated field value at a given model location will show the
field value approaching the mesh independent value as the number of elements increases.
This will not prove that the solution is correct however, merely that it is mesh indepen-
dent. To verify that the field value is correct, a simplified test case that can be solved
analytically should be run with appropriate grid refinement, and the output compared
to theory.
4.3.3 Mesh Independence - First Order Elements
Using the C3D8 type first order hexahedral element available in the Abaqus element
library, several meshes of increasing refinement were generated throughout the compu-
tational domain. A plot of the stress at the centre of the plate and x3 = 0 against the
number of elements is shown in figure 4.13, demonstrating the asymptotic behaviour of
the output field values with increasing number of elements. For this mesh independence
study a nodal temperature increase of 1000◦C was applied everywhere and the plate was
free to bend.
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Figure 4.13: Mesh convergence - first order elements
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Figure 4.14: Solution time for first order model in CPU seconds
When using first order elements the solution is considered to be mesh independent
when the number of elements is greater than 225,000. Increasing the number of elements
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has a penalty in terms of computer memory and CPU time that follows an approximately
square law as shown in figure 4.14. The computer used for these analyses had a Pentium
4, 2.8GHz CPU with 1.5Gb RAM. A mesh independent first order model takes 1162
CPU seconds to solve.
4.3.4 Mesh Independence - Second Order Elements
The procedure outlined for first order elements was repeated using the C3D20 second
order hexahedral element from the Abaqus element library and the predicted stress at
the centre of the plate and x3 = 0 was plotted in the same way. The results, shown
in figure 4.15 show a much less variation with element number than those for the first
order elements, with the difference between the predicted stress for the coarsest mesh
and the mesh independent value being only 0.34%. The solution is considered to be
mesh independent when the number of second order elements is greater than 31616.
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Figure 4.15: Mesh convergence - second order elements
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Figure 4.16: Solution time for second order model in CPU seconds
Figure 4.16 shows that when using second order elements the solution time increases
with increasing elements number in approximately the same way as for the first order
elements i.e. a square law. A mesh independent second order model takes 688 CPU
seconds to solve on the same computer as for the first order model.
4.3.5 Finite Element Analysis Validation
In order to quantitatively assess the difference between the mesh independent stress pre-
dictions of first and second order finite elements, two analyses similar to those described
previously for the analytical model comparison were run, one using 225,488 first order
elements, and another using 31616 second order elements. The results, shown in figure
4.17 show that first order and second order models predict very similar mesh independent
stresses but that the second order model is nearer the analytical model predictions. The
significant point to highlight is that there is a difference between the first and second
order elements, which ideally should be identical, that is distinct from the difference
between the FEM and the analytical solution.
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Figure 4.17: Comparison Between First and Second Order Elements
To enable the mesh independent results from the FE analysis using second order
elements to be compared to the analytical solution for two limiting cases, two different
displacement boundary conditions were applied to the FE model. The first ‘planar’ case
allowed no displacement in the x3 direction of the nodes on the x1/x2 plane at x3 = 0,
thereby constraining the plate to remain flat while avoiding over-constraint by allowing
in plane thermal expansion and through thickness expansion in x3. The second, ‘free’
case allowed displacement in all degrees of freedom, in effect it was an unconstrained
plate. Comparing the analysis results to the analytical solution (figure 4.18) through
the plate thickness and at its centre, for a temperature increase of 800◦C and a zero
stress condition at room temperature, shows an average difference in stress between the
FE and analytical predictions of 4% for both cases. The difference is likely to be due to
edge effects in the FE model providing stress relief, which are not accounted for in the
analytical model as it is assumed to be infinite in the in-plane dimension.
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Figure 4.18: Comparison of Analytical Solution with Finite Element Analysis
The conclusion of this study of first and second order finite element models of varying
element densities and an analytical model is that the finite element model used for the
following fuel cell simulation work should be a second order model comprised of 31616
second order elements. Second order elements are preferred in this case because bending
is anticipated to be present in the concluding analyses of the SOFC. This configuration
offers a good combination of acceptable computational time and solution accuracy.
4.3.6 Residual Stress Model
SOFC membranes are manufactured by sintering the electrolyte and electrodes together
at temperatures of approximately 1300◦C [9]. As the membrane cools the viscosity of
the layers increases until they are able to support elastic strain and at this point the
stress everywhere in the membrane is assumed to be zero. As the different layer mate-
rials invariably have different coefficients of thermal expansion, further cooling to room
temperature generates stress within the layers. The stress state at room temperature,
the ‘residual stress’, will therefore be non-zero, and must be included in the analysis to
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correctly predict the stress state in the ceramic membrane at operating temperature.
Figure 4.19 shows the in-plane principal stress distribution predicted by the analytical
model through the thickness of the ceramic membrane for two different cases: residual
stress neglected; residual stress included. The analysis assumes a zero stress temperature
of 25◦C for the first case and 1010◦C [9] for the second, both have a uniform operating
temperature of 800◦C imposed. The material properties are assumed to be linear elastic
throughout the full range of temperature and stress as given in table 4.1, no account is
taken of any stress relief due to creep or cracking.
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Figure 4.19: Comparison of stress predictions including residual stress and without
residual stress
It is clear from figure 4.19 that the residual stress has a large effect on the final stress
state of the ceramic membrane. The inclusion of residual stress in the analysis changes
the sign and magnitude of the predicted in-plane principal stresses in the cathode and
electrolyte from mean values of 20MPa and 308MPa when residual stress is neglected
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to -5.3MPa and -83MPa respectively when residual stress is included. The in-plane
principal stress in the anode support layer also change sign and magnitude from 9.1MPa
without residual stress to -2.66MPa with at x3 = 0, and -17.3MPa without residual
stress to 5.04MPa with at x3 = 610× 10−6m.
Atkinson et al [9] have shown that the electrode layers, in particular the anode
layer, undergo stress relief by void coalescence and channel cracking on cooling to room
temperature from the zero stress temperature. It is not clear what effect an extensively
cracked electrode layer would have on the bulk material properties in compression. Due
to the lack of information on this non-linear behaviour in the literature for different
materials any deviation from the assumption of linear-elasticity that may be introduced
by channel cracking has not been included.
4.3.7 Redox Model
The change in anode properties on chemical reduction is modelled by defining material
properties that are dependent on a field variable representing the porosity, as given in
table 4.3. The porosity field variable is defined using the Abaqus *FIELD keyword and
allowed to evolve linearly over one analysis step. The evolution of the stress distribution
as the anode is chemically reduced is shown in figure 4.20.
The change in the layer in-plane principal layer stresses predicted by the finite ele-
ment model are compared with the predictions of the analytical model in table 4.6 in
order to validate the method. The results are similar for both the analytical and finite
element models, and show that a reduction in peak stress of more than 15% is expe-
rienced in the cathode when the anode undergoes chemical reduction. The difference
between the finite element analysis and analytical model is once again ascribed to edge
effects that are captured only by the FEM.
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Figure 4.20: Stress evolution in layers on reduction of anode
Peak Stress - FEA (MPa) Peak Stress - Analytical (MPa)
Oxidised Reduced % Change Oxidised Reduced % Change
Anode (top) 5.04 4.6 -8.7 5.2 4.81 -7.5
Anode (bttm) -2.57 -2.34 -8.9 -2.66 -2.46 -7.5
Electrolyte -87.18 -83.32 -4.4 -86.7 -83.4 -3.8
Cathode -6.31 -5.19 -17.7 -6.18 -5.22 -15.5
Table 4.6: Comparison of stress predictions on anode reduction, FEA and analytical
models (MPa)
4.3.8 Visco-Plasticity Model
Visco-plastic material behaviour is represented in Abaqus by a power law creep model
of the form
˙ = Bσnc (4.22)
where ˙ is the strain rate, σ is the applied stress and nc is the stress exponent. In equation
(4.22) B is a temperature dependent material parameter normally calculated from test
data by plotting log ˙ against nc log σ and linearising equation 4.22. By comparison of
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equations (4.12) and (4.22) B has the following form
B = L−ngsexp
(−Qc
RT
)
(4.23)
Figure 4.21 shows the time dependent stress evolution predicted by the finite element
model at a point in the the centre of the fuel cell and x3 = 0, at 800
◦C , 900◦C , and
1000◦C over 10,000 hours. In this analysis the cell was free to bend and the zero stress
condition was taken as 25◦C . Following the discussion in section 4.1.3 the visco-plastic
properties of the Ni/YSZ support layer were considered to be those of pure YSZ.
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Figure 4.21: Visco-plastic stress relaxation over 10,000 hours
It can be seen that the operating temperature of the fuel cell makes a large difference
to the rate at which stresses are relieved by visco-plastic creep, and that over the time
and temperature scales that SOFCs are required to operate over, significant stress relief
by visco-plastic creep is likely to occur.
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4.3.9 Temperature Boundary Conditions
The early sections of this chapter have assumed a simplified, uniform temperature
throughout the ceramic membrane to allow an analytical model to be developed and
used to validate a finite element model. A more sophisticated approach is to use a CFD
model to provide nodal temperature boundary conditions for the FE model. To achieve
this nodal temperature boundary conditions for the FE model were interpolated from
the temperature results of the CFD simulation at the cell vertices. In this way the CFD
and FE models are coupled and the need to make simplifying assumptions like constant
through thickness temperature [84] is eliminated. As the computational grids used in
the CFD and FE models have different requirements and therefore different densities, a
tri-linear interpolation program was written using the C++ computer code to transfer
the temperature data from the CFD mesh vertices to the FE model nodes. This is simi-
lar to the central differencing scheme used by StarCD to interpolate from cell centroidal
values to cell vertices [38]. Figure 4.22 shows a schematic representation of one FE model
node at any point in space within the CFD model domain.
- CFD cell vertices
- Temporary node 1
- Temporary node 2
- FE model node
X1
X3 X2
Figure 4.22: Schematic representation of interpolation procedure
To interpolate from the eight surrounding vertices to the single FE model node the
following steps are taken
• Interpolate in direction x1 between the four pairs of CFD vertices onto temporary
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node type 1 on the x1/x2 plane that the FE node lies in
• Interpolate in direction x2 from temporary node type 1 to temporary node type 2
• Interpolate in direction x3 to the FE node
In order to improve the speed of the code the eight vertices around each nodal co-ordinate
were identified by interrogating the CFD model for the nearest CFD cell centroid, then
using only the vertices of that cell for the interpolation. If the node was within a small
distance (1 × 10−8m) of a vertex, the vertex temperature value was written directly to
the node. Three steady state CFD temperature load-cases were defined representing
low, medium and high current as shown in table 4.7. The definitions of other loadcases
referred to later on are also shown for completeness.
Name Definition Description
T1010 Uniform 1010
◦C Sintering temperature
T25 Uniform 25
◦C Room temperature
T800 Uniform 800
◦C Nominal furnace temperature
Tcfd1 From CFD Temperature distribution at 70 mA/cm
2
Tcfd2 From CFD Temperature distribution at 160 mA/cm
2
Tcfd3 From CFD Temperature distribution at 300 mA/cm
2
Table 4.7: Definition of temperature loadcases
4.3.10 Stress at Steady State Temperature
The results of the finite element calculation of the maximum principal stress distribution
throughout the SOFC ceramic membrane for the temperature boundary conditions T800,
Tcfd1, Tcfd2 and Tcfd3 are shown in figures 4.23, 4.24, 4.25 and 4.26 respectively. In these
analyses the zero stress temperature is taken to be 1010◦C .
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Figure 4.23: Maximum principal stress distribution in SOFC membrane at uniform
temperature of 800◦C
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Figure 4.24: Maximum principal stress distribution in SOFC membrane at 70 mA/cm2
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Figure 4.25: Maximum principal stress distribution in SOFC membrane at 160 mA/cm2
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Figure 4.26: Maximum principal stress distribution in SOFC membrane at 300 mA/cm2
The largest variation in maximum principal stress through a layer thickness is seen
in the anode, primarily because it is the thickest layer and contains the neutral axis.
For the uniform 800◦C temperature distribution (figure 4.23) the stress gradients in the
individual layers are 0.026, 0.071 and 0.031 MPa/μm for the anode, electrolyte and
cathode respectively, showing that the highest through thickness stress gradient is in
fact in the electrolyte. However the electrolyte is shown to be in compression in all
loadcases due to the relatively low value of α and therefore is not considered to be at
risk of failure.
For the non-uniform (CFD) temperature distributions the thermal stress distribu-
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tions caused by the thermal gradients induced by the channels and plena of the fuel
cell housing is clearly visible by comparing figure 4.23 with figures 4.24, 4.25 and 4.26.
A summary of the principal stresses for each loadcase is given in table 4.8 indicating
that the thermal gradients due to the electrochemical reactions in the fuel cell induce
significant stresses when compared to the uniform temperature case, with the highest
operating current giving the largest stress.
Thermal BC Maximum Principal Stress (MPa)
T800 5.0
Tcfd1 26.5
Tcfd2 33.2
Tcfd3 39.8
Table 4.8: Peak max. principal stress for different temperature boundary conditions
4.4 Prediction of Stress Under Operating Conditions
The previous sections of this chapter have detailed individual models of each mechanism
of stress generation and relaxation that is active in the SOFC from manufacture to the
start of electricity generation. The magnitude of their contribution to the stress state
at the point of beginning electricity generation was also assessed. To determine a stress
history for the fuel cell ceramic membrane, all of these models must be combined into
one finite element analysis in the time domain, with appropriate mechanical restraints
applied.
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4.4.1 Mechanical Boundary Conditions
The importance of using correct mechanical boundary conditions in a simulation of
a SOFC under operating conditions has been demonstrated by the large difference in
stress distribution predicted by the analytical model in section 4.2 when the ceramic
membrane is constrained to remain flat, and free to bend. These are two extreme cases,
the real level of mechanical constraint will be somewhere between these, therefore a
third set of mechanical boundary conditions were devised on inspection of the procedure
for building up single SOFCs into a housing for testing. After manufacture the cell is
allowed to cool to room temperature; then the cell is seated and sealed into the housing
with glass sealant on an area approximately 5mm wide around the edge of the cell on
the x3 = 0 plane, shown as surface S1 in figure 4.12; the top half of the housing is then
sealed to the bottom half and does not come into contact with the cell. In the finite
element model this is represented by defining the initial conditions of the membrane
(the zero stress temperature) as 1010◦C; then allowing the ceramic membrane to cool to
25◦C; restraining the x3 degree of freedom of a surface 5mm wide around the edge of the
anode. The analysis then proceeds by allowing the cell to heat up. The three boundary
condition sets used so far are summarised in table 4.9.
On the real SOFC the electrical connections to the electrodes are made by laying a
metal gauze over each electrode and using the interconnector plates to press the gauze
onto the electrode surface. This interaction is neglected in the FE model but would
likely have the effect of reducing the out of plane strain thereby modifying the stress
distribution resulting from BC2 to be more like that obtained with boundary condition
set BC1.
A comparison of the results of three FE analysis, representing the three BCs is shown
in figure 4.27.
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Name Definition Description
BC1 Surface S1, Z=0 Membrane remains planar
BC2 No restraint Membrane free to bend
BC3 Surface S2, Z=fixed after cooling
from sintering temperature
Representative of test cell
Table 4.9: Definition of boundary condition sets
-100.0 -80.0 -60.0 -40.0 -20.0 0.0 20.0 40.0
Anode
Electrolyte
Cathode
 BC1 BC2 BC3
Stress, σ11 (MPa)
Figure 4.27: Boundary condition comparison
4.4.2 Duty Cycle Definition
A duty cycle was defined to represent a simplified ‘real world’ life cycle. It reflects
the temperature cycling and mechanical restraints that a fuel cell membrane might be
subjected to from the point of manufacture onward, in a much simplified form. Figure
4.28 shows how the duty cycle is defined over time.
Initially the membrane is at sintering temperature, then it is cooled to room tem-
perature over a period of 10 hours. Normally the cell would then be stored until it is
assembled into a stack but as this analysis does not consider any degradation processes
when the cell is stored at room temperature, this time period is considered to be zero in
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the analysis but still indicated on the duty cycle figure as a horizontal line. Because this
is the point that a cell gets assembled into a stack or test housing, it is here that the
mechanical boundary conditions are applied, in this case to a 5mm wide strip around
the outside of the anode layer is restrained in the Z-direction to simulate bonding the
cell into the housing. The cell is then heated in a furnace to 800◦C over a period of
nearly 7 hours corresponding to a rate of 2◦C /min, during this time the temperature
distribution in the cell is considered to be uniform. At 800◦C hydrogen is gradually
introduced to the fuel stream to chemically reduce the NiO/YSZ anode to Ni/YSZ over
a period of 3 hours so that electricity generation can begin. At 20 hours a sequence of
running the fuel cell at low power, high power and medium power is implemented before
cooling the fuel cell to room temperature at a rate of -2◦C /min.
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Figure 4.28: Simplified SOFC duty cycle
In the duty cycle low, medium and high power are represented in two different ways
for comparison. The first is by considering the temperature in the fuel cell to be uniform
everywhere and increasing or decreasing with a changing power level. In this case low,
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medium and high power are represented by 800, 900 and 1000◦C respectively. The
duty cycle incorporating this sequence will be denoted as the ‘uniform temperature duty
cycle’. The second way in which the power levels are represented is by deriving the
temperature boundary conditions from the CFD model, in this case low, medium and
high power are derived from the temperature distribution predicted by the CFD model
at 70, 160 and 300mA/cm2, as described in section 4.3.9. The duty cycle incorporating
this sequence is denoted as the ‘CFD temperature duty cycle’. This duty cycle could
easily be modified and improved to represent reality more closely when real operating
conditions and power demand profiles are known.
4.4.3 Stress Evolution Over Duty Cycle
The in-plane stress evolution in the anode layer over time is shown in figure 4.29 for the
uniform temperature duty cycle. Only the anode is shown as the in-plane stresses in
the cathode and electrolyte are compressive when a uniform temperature distribution
is assumed. It can be seen that the visco-plastic stress relaxation is most pronounced
between 4020 and 6020 hours when the temperature is uniform and 900◦C . Even though
the stress level is substantially higher at 800◦C and the creep strain rate for a given stress
is substantially greater at 1000◦C
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Figure 4.29: Anode in-plane stress, σ11 evolution over uniform temperature duty cycle
The maximum principal stress evolution in each of the layers over time is shown in
figure 4.30 for the CFD duty cycle. Because of in-plane temperature gradients predicted
by the CFD model, the maximum principal stress is now significant in all layers and
therefore plotted for all three layers. The final stress state of the layers can be seen in
detail in figure 4.31.
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Figure 4.30: Maximum principal stress evolution in layers over CFD duty cycle
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Figure 4.31: Maximum principal stress evolution in layers over end of duty cycle using
CFD derived boundary conditions
4.5 Discussion
In this chapter models of the following different mechanisms for generating stress in the
ceramic membrane of SOFC have been developed:
• Thermo-mechanical stress due to differential thermal expansion or temperature
gradients
• Residual stress
• Stress due to membrane mechanical restraint
• Stress change due to anode reduction
• Stress relaxation by visco-plastic creep
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The inclusion of residual stress has a significant effect on the stress distribution and
magnitude at operating conditions and is the most important mechanism to include. In
section 4.3.6 it was noted that extensive channel cracking has been observed by some
researchers in the anode layer, including these non-linear effects will be important for
the future progression of this work.
It has also been shown that applying the correct mechanical boundary conditions
to a stress model is very important, the effect being particularly significant in the layer
that contains the neutral axis, or the bending axis defined by Hsueh [45]. In the case of
an anode supported SOFC it is likely that the thicker anode support layer will contain
the bending axis, and will therefore always be subject to a tensile stress, and therefore
have a finite probability of failure at some point through its thickness.
The redistribution of stress caused by the change in material properties when the
anode is chemically reduced from NiO/YSZ to Ni/YSZ is of smaller magnitude than the
inclusion of residual stress or changing boundary conditions, but still significant with
the largest changes in predicted stress being of the order of 15%. The main objective of
the stress model was to predict the evolution of the stress distribution over time from
the point of manufacture onwards, to do this it is important to ensure that the material
properties at each point in the SOFC history are correct and therefore the inclusion of
the change in material properties on chemical reduction of the anode is important.
Whilst every effort has been made to use representative material properties, an anal-
ysis intended to solve a particular problem or give a quantitative assessment of the stress
distribution must have correct material properties. A useful indication of the design di-
rection i.e. whether one design of SOFC has lower peak stresses than another, can still
be gained using representative material properties, as in this work.
The difference in stress distribution between the T800 and Tcfd,i temperature bound-
ary conditions has been shown to be important with all three layers showing signifi-
cant maximum principal stresses, while in the uniform temperature approximation the
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stresses in the cathode and electrolyte layers are predominantly compressive. Compar-
ing the σ11 (= σ22) stress of the uniform 800
◦C case with the maximum principal stress
of the CFD derived Tcfd3 boundary conditions, it can be seen that the tensile stress is
much higher for the latter condition.
The accuracy of these stress predictions is highly dependent on the accuracy of the
temperature predictions and therefore temperature distribution validation work must
be undertaken wherever possible. To this end it should be noted that the technique of
deriving a set of nodal temperature boundary conditions from a set of data points can
be modified to use a thermal image from an infra-red camera as the input data points
thus eliminating the uncertainty associated with the CFD modelling. This technique
has been explored by this author in these publications [16, 24].
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Chapter 5
Probability of Failure
The aim of this chapter is to present the calculation of both the time-independent and
time-dependent probability of failure in each layer of a SOFC ceramic membrane based
on the results of a finite element stress analysis, the weakest link theory and the Weibull
strength distribution. The CARES (Ceramic Analysis and Reliability Evaluation of
Structures) computer code will be employed to achieve this aim after being validated
with both analytical models and experimental data. The probability of failure in the
layers of an SOFC ceramic membrane subject to the operational thermal stress predicted
in chapter 4 will then be evaluated.
The relevant material properties for this type of analysis have been taken from the
literature to allow the calculation of the time-independent and time-dependent probabil-
ity of failure of each layer of a SOFC ceramic membrane from the stress field predicted
using finite element analyses as described in chapter 4.
This chapter concludes by determining the evolution of the time-independent prob-
ability of failure in each layer of the ceramic membrane over the simplified SOFC duty
cycle described in section 4.4.3 and comparing this with the time-dependent failure prob-
ability over the same cycle.
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5.1 Time Independent Probability of Failure
The time-independent failure probability is the probability of fast fracture of a structure
in the instant after a load is applied without taking into account any load history or
historical material degradation. The weakest link theory is used to calculate the proba-
bility of failure of a structure subjected to a uniform uniaxial load by considering it to
be analogous to a chain in tension with n links, each with a different limiting strength.
When the weakest link fails, the whole structure will fail. If the distribution of limiting
strengths is known then for a given load the probability that a single link will fail can
be calculated (see Appendix B for a full description). The probability of any one of the
n links having a limiting strength below the applied load is then the product of the indi-
vidual failure probabilities. A full description of the weakest link theory and a derivation
of the above expression is given in appendix B. Weibull [102] expressed the probability
of failure of the i-th link Pf,i, with a volume Vi, subjected to a uniform uniaxial stress
σ, in integral form as
Pf,i = 1− exp
[
−
∫
Vi
(
σ − σth
σ0
)m
dVi
]
(5.1)
where σth is the threshold stress below which no failures can occur, m is the Weibull
modulus and the ‘scale parameter’ σ0, is a material property defined as the stress at
which the probability of failure of a unit volume of material is 0.632. This is referred to
as Weibull’s three parameter model. For a given applied stress, the probability of failure
of the structure is then
Pf,structure = 1−
n∏
i=1
(1− Pf,i) (5.2)
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It is common for σth to be taken as zero in which case the probability of failure equation
reduces to the two parameter form
Pf = 1− exp
[
−
∫
V
(
σ
σ0
)m
dV
]
(5.3)
From equations (5.1) and (5.3) it can be seen that Pf is directly dependent on specimen
volume, with the probability of failure increasing with increasing volume for a given
applied stress. This is known as the ‘volume effect’ and is physically consistent with a
larger volume containing a physically larger flaw which in turn generates a larger stress
intensity K, for a given far field tensile stress as shown in figure 5.1.
Larger flaw in bigger sample Small flaw in small sample
Tensile Stress
Tensile Stress
Figure 5.1: Volume dependence on sample strength resulting from distribution of flaw
sizes [6]
The Weibull scale parameter σ0, is a material property associated with a unit volume
of material. To measure it directly a statistically significant number of samples of unit
volume would have to be tested to failure in tension, which is generally inconvenient. To
calculate σ0 from component tests (that are not unit volume) the characteristic strength
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σθ, of a structure is defined as the uniform, uniaxial stress at which the probability of
failure of the structure is 0.632. Considering the applied stress to be σ0 a relationship
between the characteristic strength σθ, and the scale parameter σ0, can then be derived
such that
0.632 = 1− exp
[
−
(
σ0
σ0
)m
V
]
= 1− exp
[
−
(
σθ
σ0
)m
Ve
]
(5.4)
where the effective volume is given by
Ve =
(
σ0
σθ
)m
(5.5)
The calculation of the material property, σ0 is often omitted from studies in the lit-
erature, making it difficult to use the characteristic strengths that are quoted in other
geometries and loading situations. To recap, σ0 is a material property representing the
stress that must be applied to a unit volume to generate a probability of failure of 0.632;
whereas the characteristic strength of a structure, σθ physically represents the stress at
which the probability of failure of the structure is 0.632 and depends on the specimen
volume and loading. The effective volume, Ve represents the volume of structure that
would have to be subjected to a uniform, uniaxial load of magnitude σθ to give a proba-
bility of failure of 0.632. Typical values of σ0 for SOFC materials relevant to this study
can be found in table 5.1 in section 5.1.2.
In order to maintain physical sense, the probability of failure calculated using equa-
tion (5.1) cannot decrease over time even if the component stress decreases. It will
however, appear to do so if the probability of failure of a component is calculated from
the instantaneous loading only when the stress state is time-varying and reduces with in-
creasing time. When the load is time varying a cumulative distribution function (CDF)
is defined as the maximum probability of failure experienced by a component up to the
point in time of interest. It is implicit that calculation of the CDF is only possible when
the complete stress history of a structure is known.
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5.1.1 Multi-axial stress
The weakest link theory and Weibull strength distribution have been introduced in the
context of uniform, uniaxial stresses. In many, if not all, operational loading situations
the stress field in a component is multi-axial, in that the principal stresses are non-zero
and positive in more than one axis. The following summarises of a selection of methods
for determining a probability of failure under multi-axial loading by considering each
principal stress independently, or formulating an equivalent stress, which can then be
used in conjunction with uniaxial material properties to determine the probability of
failure. These methods have been highlighted because they are all available as user
options in the CARES code, a fuller review can be found in the CARES theory guide
[96] .
Principal Of Independent Action
The simplest method of accounting for stress multi-axiality is to consider each principal
stress acting independently on the volume, with an associated probability of failure,
and sum them. This is the basis of the Principle of Independent Action or PIA [70].
Re-writing equation (5.1) in terms of an effective stress function Ψ (σ) it follows that
Pf,V = 1− exp
[
−
∫
V
Ψ(σ) dV
]
(5.6)
so that, according to the PIA
Ψ (σ) =
(
σ1
σ0
)m
+
(
σ2
σ0
)m
+
(
σ3
σ0
)m
(5.7)
where σ1,2,3 are the principal stresses. This method is computationally simple to im-
plement but does not take account of crack orientation in that any material flaw is
considered to generate the same stress concentration in each of the three dimensions.
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The PIA is considered to be conservative for this reason.
Normal Stress Averaging
The normal stress averaging (NSA) method takes an average of the Cauchy normal stress
on a sphere of unit radius. The relationship between the multi-axial stress field and an
equivalent uniaxial stress is found by equating the failure probability for uniaxial loading
to that obtained for the multiaxial stress state when the latter is reduced to the uniaxial
condition. Gross and Gyekenyesi [70, 37] described the original formulation of Weibull’s
NSA in integral form as
Pf,V = 1− exp
[
−
∫
V
(
σn
σ0
)m
dV
]
(5.8)
where σn is the Cauchy normal stress and σn is its average over a sphere of unit radius
such that
σmn =
∫
A σ
m
n dA∫
A dA
(5.9)
Mechanistic Model
The PIA and NSA models are phenomenological in that they are based on experimental
correlation with a general theory but are not derived from theory. In 1974 Batdorf
[96, 13] proposed a mechanistic model that accounted for multi-axial stress effects based
on the theory that flaws that are randomly distributed throughout the material bulk are
also randomly oriented relative to the principal tensile stress. The main assumptions of
the Batdorf model are
• Fracture is caused by microcracks inside the material
• Flaws are uniformly distributed and randomly orientated
• Flaws are non-interacting
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• Each flaw has a critical stress, σcr, defined as the stress normal to the flaw plane
that will cause fracture i.e. the mode 1 critical stress
• Fracture occurs when an effective stress, σe exceeds σcr
A full derivation of equation (5.10) is available in [70, 96], the probability of failure
of a volume according to Batdorf’s model is
Pf = 1− exp
[
− kb
2π
∫
V
∫ 2π
β=0
∫ pi/2
α=0
[σe (x, y, z, α, β)
m sinα, dα, dβ, dV ]
]
(5.10)
where α and β are azimuthal angles in principal stress space, σe (x, y, z, α, β) is the
projected effective stress over a sphere of unit radius in principal stress space, and kb
is the Batdorf flaw density coefficient, a material specific parameter determined from
material testing.
In Batdorf’s model the effective stress, σe is a predefined combination of a far field
direct and shear stresses. The effect of shear stress is to reduce the far field tensile
stress needed for fracture. In a review of mixed mode fracture criteria applicable to
ceramic failure analysis presented by Shetty et al [86], it was shown that the effect of
shear loading significantly reduced the critical value of the mode I stress intensity K1C .
To account for shear stress in the probability of failure calculation when using Batdorf’s
model a semi-empirical constant C, that modifies the value of K1C when considering
shear stress contributions (5.11) is employed such that
K1
K1C
+
(
Ki
CK1C
)2
= 1 (5.11)
where Ki is the mode 2 or 3 stress intensity, whichever is positive and greater. The
value of C can be applied as a user option in CARES and is normally in the range 0.8
to 2 [70] with a higher value indicating a lower sensitivity to shear stress.
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5.1.2 Time Independent Material Properties
The material properties necessary for the probability of failure calculation are theWeibull
modulusm, the Weibull scale parameter σ0, and the threshold stress σth. In this work the
threshold stress is usually taken to be zero, m and σ0 can be obtained from experiment
by the following procedure
• Load n identical material samples to failure
• Rank the samples in order of failure strength
• Assign an experimental Pf according to equation (5.12)
• Plot ln ln (1/ (1− Pf )) against ln (σ) for each failure
• Fit a straight line through the points
• Calculate the slope, m and the intercept ln (1/σθ)m
The equation for assigning an experimental probability of failure to an individual
specimen of rank, i in a batch of n specimens is determined from a standard statistical
method [72]
Pf =
i− 0.3
n+ 0.4
(5.12)
Linearising equation (5.3) by taking the logarithm of both sides twice yields (5.13), the
equation of a straight line with slope equal to m, and intercept of ln (1/σθ)
m
ln
[
ln
(
1
1− Pf
)]
= m ln (σ) + ln
(
1
σθ
)m
(5.13)
When ln ln (1/ (1− Pf )) is plotted against ln (σ) for the experimental data it is then
possible to fit a straight line through the points using a standard technique such as least
squares (LSQ) or method of least estimators (MLE) and from the equation of the line
calculatem and σθ. In order to calculate the material property, σ0 from the characteristic
strength of the structure, σθ using equation (5.5) it is necessary to determine the effective
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volume, Ve. In a simple tensile test this is equal to the gauge volume, when the test is
four point bend and the applied stress is taken to be the extreme fibre stress, σf such
that
Pf = 1− exp
[
−
∫
V
(
σf
σ0
)m
dV
]
(5.14)
then the following applies [71]
Ve =
wh
2
(L1 +mL2)
(m+ 1)2
(5.15)
Where w is the width of the beam, h is the beam height, L1 and L2 are the distances
between the supports and loads respectively and m is the Weibull modulus. Each dif-
ferent loading configuration has a unique expression for Ve and this must be taken into
account when calculating the Weibull parameters from material tests other than tensile
tests.
Atkinson et al [10] determined theWeibull modulus andWeibull characteristic strength
for some common ceramics used in SOFCs using a ring-on-ring testing configuration.
The test specimen was a circular disc of diameter 23mm and 200μm thickness giving
a specimen volume of 8.31 × 10−8m3 which was then taken to be equal to the effective
volume Ve, for the calculation of the Weibull scale parameter from equation (5.5). These
material properties are summarised in table 5.1 and will be used in any subsequent
time-independent analyses unless otherwise stated.
Material σmean (MPa) σθ (MPa) m σ0 (MPa)
RT 800◦C RT 800◦C RT 800◦C RT 800◦C
YSZ 214 [10] 146 [10] 232 [10] 154 [10] 5.7 [10] 8.6 [10] 13.3 23.1
LSM 49 [10] 67 [10] 52 [10] 75 [10] 6.7 [10] 3.7 [10] 4.56 0.915
NiO-YSZ 180 [10] 122.81 187 [10] 1241 11.8 [10] 17.8 1 47 49.6
Table 5.1: Weibull Parameters of SOFC Materials
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The anode material appears inconsistent on first inspection in that the mean and
characteristic strengths are inversely proportional to temperature, whereas the Weibull
modulus has a direct dependence on temperature. This is likely to be due to the increased
ductility and damage tolerance of the NiO-YSZ cermet.
5.2 Time Dependent Probability of Failure
In this work the term ‘time-dependent’ implies an increase in the probability of failure
over time by material degradation due to sub-critical crack growth, whereby pre-existing
flaws of length a in the material bulk extend over time under non-critical stresses until
a critical flaw size ac is reached and catastrophic failure occurs. This happens when the
mode 1 stress intensity, K1 reaches the critical value K1C . On a plot of the logarithm
of crack velocity da/dt against the logarithm of the mode 1 stress intensity factor K1 as
shown in figure 5.2, sub-critical crack growth can be broken down into three regimes
I II III
KIClog (KI)
log 
da/d
t
Figure 5.2: Typical slow crack growth curve
In region I below a certain threshold stress intensity no crack growth occurs, in region
1Calculated here assuming same temperature dependence as pure YSZ
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II the crack growth is constant and stable, region III shows unstable crack growth as the
mode 1 stress intensity factor approaches the critical value. The lifetime of materials
that suffer from SCG is dominated by region II. The rate of sub-critical crack growth in
region II has been shown [10, 22, 21] to follow a power law such that the crack growth
can be written as a function of the mode 1 stress intensity
da
dt
= AK
Nscg
1 (5.16)
where the slow crack growth stress exponent Nscg and A are constants for a given
material, loading and environment. If the time to failure tref is known for a reference
stress σref , the time to failure tf for another constant applied stress σ can be calculated
from
tf
tref
=
(σref
σ
)Nscg
(5.17)
CARES calculates the probability of failure at some time tf , by transforming the
mode 1 stress intensity at that time to t0. For the case where the stress field is multi-
axial an equivalent mode 1 stress σ1,eq with an associated K1,eq is calculated according to
the PIA, NSA or Batdorf models. The following is a summary of the theory presented in
the CARES theory manual [96] describing the transformation. The derivation is included
here because the literature is difficult to obtain and the material parameters that are
derived are specific to CARES. The well known Paris law gives the following relationship
K1,eq (Ψ, t) = σ1,eq (Ψ, t)Y
√
a1,eq (Ψ, t) (5.18)
where Y is a constant dependent on crack geometry, σ1,eq (Ψ, t) is the equivalent mode
1 far field stress normal to a crack, a (t) is a crack length at time t and Ψ represents
the location within the body. If the Batdorf model is used Ψ also includes information
about the orientation of the crack. From equations (5.16) and (5.18) the following is
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determined
da (Ψ, t)
dt
= Aσ
Nscg
1,eq (Ψ, t)Y
Nscga1,eq (Ψ, t)
Nscg
2 (5.19)
The relationship between the mode 1 critical effective stress, σ1,eq,t and crack length a (t)
at time t is
a (Ψ, t) =
(
K1c
Y
)2
σ1,eq,t (Ψ, t)
−2 (5.20)
Differentiating 5.20 and substituting the result into 5.19 gives
∫ σ1,eq,f
σ1,eq,0
σ
(Nscg−3)
1,eq,t dσ1,eq,t = −AY 2
K
(Nscg−2)
1c
2
∫ tf
0
σ1,eq (Ψ, t) dt (5.21)
where σ1,eq,0 (Ψ) is the transformed equivalent critical stress distribution at t = 0 and
σ1,eq,f = σ1,eq (Ψ, tf ) is the equivalent stress distribution in the component at time t = tf .
The transformation of the equivalent stress distribution at time tf to its effective stress
distribution at t = 0 is
σ1,eq,0 (Ψ) =
[∫ tf
0 σ1,eq (Ψ, t) dt
B
+ σ
Nscg−2
1,eq (Ψ, tf )
] 1
Nscg−2
(5.22)
where
B =
2
AY 2K
Nscg−2
1c (Nscg − 2)
(5.23)
The parameter B is an environmental/material fatigue parameter that is specific to
CARES.
5.2.1 Time Dependent Material Properties
For a time dependent reliability analysis using CARES the SCG exponent Nscg, and
environmental parameter B, must be known in addition to the time independent Weibull
parameters m and σ0. Nscg can be derived from either static or dynamic testing, in
the former case a constant stress is applied to a test specimen and the time to failure
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recorded. On a plot of log tf against log σ, Nscg can then be obtained from the gradient
of a line through the data points in accordance with the linearised form of equation
(5.16). In the latter case, dynamic testing, a statistically significant number of samples
are subjected to a constant stress rate σ˙, and the failure stress σf and time to failure are
recorded. On a plot of log σf against log σ˙ a line through the characteristic strengths
at each stress rate will have gradient 1/(1 +Nscg) and intercept logDscg according the
following equation used in the testing standard ASTM C 1465 [34]
log σf =
1
1 +Nscg
log σ˙ + logDscg (5.24)
The relationship between Dscg and the CARES specific parameter B has not been
possible to derive and must be calculated using a CARES module specifically designed
to do this from dynamic testing data.
Three sources of relevant data were found in the literature for different forms of YSZ.
The first data set can be found in Nemeth et al for 3TZP (3% mol partially stabilised
zirconia) [70]. This data was obtained with cyclic fatigue testing with reversal ratios r,
between 0.8 and -1.0 and therefore only one data set was considered applicable, where
r = 0.8. The second data set by Lowrie et al [55] was for 8YSZ under dynamic (constant
stress rate) test conditions, and the third was for 10YSZ by Choi et al [21] again under
dynamic test conditions. In Lowrie et al [55] it is not clear whether the SCG is tested in
bending or tension or what the gauge volume is, therefore assumptions have had to be
made to allow the calculation of B and Nscg as follows: it has been assumed from the
geometry of the test specimens that the testing is pure tension and that the gauge volume
is the volume of the specimen, this gives a value of Nscg that correlates with their work
but a value of B that is more than one order of magnitude different from that calculated
from the data in Nemeth and Choi. This could indicate incorrect assumptions about
the test set up or an actual difference in the properties of the different compositions of
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Yttria and Zirconia used in the different studies.
Where they are not given directly, the time-dependent properties are calculated for all
of these materials to give an indication of the spread of properties that could be expected
for a parametric analysis. Of the three sources of material data identified, Choi et al
[21] represents the best match for the material composition and loading regime in this
analysis. The material properties from these three sources are summarised in table 5.2.
Material Nscg Dscg B
(
MPa2s
)
3TZP 20 [70] - 6× 105 [70]
8YSZ 11 [55] 138.0 6.98× 106
10YSZ 8 [21] 133.5 [21] 2.55× 105
Table 5.2: Time dependent Weibull parameters of Zirconia
By analogy with visco-plastic deformation of 8YSZ and the Ni/8YSZ anode cermet
discussed in chapter 4.1.3, the time dependent Weibull material properties of Ni/8YSZ
are taken to be the same as the 8YSZ ceramic matrix. It has not been possible to
find any time dependent material properties for LSM, therefore to allow the analysis to
proceed the properties will be assumed to be the same of for 8YSZ. This will enable
general trends to be investigated and discussed rather than a quantitative assessment of
the cathode time-dependent probability of failure.
5.3 Time Independent Failure Probability - Analytical Model
The time independent probability of failure of each layer of the ceramic membrane was
calculated analytically from equation (5.3) by assuming uniform uniaxial stress in each
layer and the material properties given in table 5.1. The geometry of the fuel cell is that
described in chapter 4, detailed in figure 4.12. A plot of the probability of failure of each
layer against stress in figure 5.3 shows that the cathode is most susceptible to failure
158
under tensile loading primarily due to the low characteristic strength.
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Figure 5.3: Probability of failure distribution for layers in the Indec SOFC
The low Weibull modulus of the cathode also contributes to the high probability of
failure at low stress in the cathode relative to the electrolyte and anode. The effect of
varying the Weibull modulus of the cathode is seen clearly in figure 5.4. As the Weibull
modulus increases the slope of the curve between low probability of failure and high
probability of failure increases. At very high Weibull modulus the probability of failure
curve tends to a step function. This behaviour is typical of metals and the stress at which
the probability of failure changes from 0 to 1 is called the ultimate tensile strength.
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Figure 5.4: Dependence of cathode probability of failure on Weibull modulus
The ‘volume effect’ can be observed by varying the cathode thickness, as shown in
figure 5.5. For a given uniform, uniaxial stress of 50MPa as the volume increases the
probability of a flaw of critical size being present also increases. The consequence of this
is that the probability of failure also increases.
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Figure 5.5: Probability of failure with varying cathode thickness for σ = 50MPa
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In order to calculate the probability of failure of the layers of a SOFC analytically,
the stress predicted by the analytical thermal stress model presented in figure 4.8 of
section 4.2 was taken as uniform in the appropriate layer. The main assumptions and
simplifications that have to be made to allow the analytical calculation of stress and
failure probability are
• The membrane is constrained to remain flat
• The stresses are uniform through the layer thickness
• The temperature throughout the membrane is uniform and equal to 800◦C
• The membrane is stress free at 25◦C
• The membrane is infinite in the in-plane dimensions
The equi-biaxial in-plane stresses in the layers are then calculated to be -5.26MPa,
341MPa and 29.1MPa in the anode, electrolyte and cathode respectively.
The probabilities of failure of the layers are given in table 5.3 for three different stress
averaging techniques and model boundary conditions; first the stresses are considered
to be unixial; second the stress is considered to be equi-biaxial and the probability of
failure is calculated assuming the principle of independent action; third the stresses are
equi-biaxial and the Weibull normal stress averaging method is used in the calculation
of the failure probability. As failure is only considered to happen under the action of
tensile stress i.e. the probability of failure is implicitly equal to zero when the stress is
compressive.
When residual stress is included by assuming a zero stress temperature of 1010◦C
the stress distribution changes markedly, the corresponding probabilities of failure are
shown in table 5.4
The limitations of this approach imposed by the assumptions mean that at best it can
only be used as an initial guide when evaluating the probability of failure of a structure.
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Layer Stress (MPa) Pf - Uniaxial Pf - PIA Pf - NSA
Anode -5.26 0 0 0
Electrolyte 341 1 1 1
Cathode 29.1 0.143 0.286
Table 5.3: Analytical calculation of Pf in ceramic membrane layers, residual stress
neglected
Layer Stress (MPa) Pf - Uniaxial Pf - PIA Pf - NSA
Anode 1.46 ∼ 0 ∼ 0 ∼ 0
Electrolyte -93.5 0 0 0
Cathode -8.2 0 0 0
Table 5.4: Analytical calculation of Pf in ceramic membrane layers, residual stress
included
5.4 CARES Software
An advance on the analytical calculation of failure probability is offered by the CARES
computer code, developed by NASA as a means of calculating the probability of failure
of structures made from brittle materials. It is based on the finite element method and
operates by post-processing stresses from a finite element analysis in order to calculate
the elemental probabilities of failure, then taking the product of these probabilities to
determine the overall probability of failure of the structure [70]. An overview of the
steps in a CARES analysis are shown in figure 5.6.
5.4.1 Validation of CARES Method With Analytical Model
The CARES method was initially validated by comparing the probability of failure
calculated analytically with that calculated by CARES for a single, second order finite
element from the model described in section 4.3.6. The element has cathode material
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Figure 5.6: CARES analysis overview
properties given in table 5.1 and was selected because the CARES analysis identified it
as the element with the greatest elemental probability of failure in the cathode layer.
When second order finite elements are used in the FE analysis CARES/Life subdivides
each finite element by using the stresses at the elemental gauss points and an appropriate
sub-volume for the probability of failure calculation in order to capture the effects of
stress gradients within elements and improve accuracy. A single element was used to
validate CARES because the principal stresses and sub-volume at the elemental gauss
points could easily be determined and used in the analytical model by interrogating the
finite element analysis results file. Stress multi-axiality was included according to the
PIA.
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Gauss point sub-vol
(
m3
)
σ11 (MPa) σ22 (MPa) σ33 (MPa) Pf
1 3.07× 10−13 16.5 10.6 -0.6 1.61× 10−8
2 3.07× 10−13 28.2 15.0 -1.3 1.09× 10−7
3 3.07× 10−13 15.6 8.8 -1.64 1.24× 10−8
4 3.07× 10−13 30.4 15.1 -0.8 1.40× 10−7
5 3.07× 10−13 28.3 14.6 -1.3 1.08× 10−7
6 3.07× 10−13 32.7 29.9 -2.3 2.95× 10−7
7 3.07× 10−13 30.2 14.6 -0.9 1.36× 10−7
8 3.07× 10−13 35.9 33.2 -0.6 4.26× 10−7
Table 5.5: Probability of failure of finite element sub-volumes by analytical model
Taking the product of the probabilities of the sub-volumes associated with the ele-
ment gauss points using equation (5.2) i.e.
Pf = 1−
n∏
i=1
(1− Pf )i
where i is the sub-volume number and n is the total number of sub-volumes comprising
the structure (8 in this case) gives exactly the same probability of failure as the output
from CARES for the same element. The comparison is shown in table 5.6.
El. vol.
(
m3
)
Pf Analytical Pf CARES
2.45× 10−12 1.24× 10−6 1.24× 10−6
Table 5.6: Probability of failure of single finite element by analytical model and CARES
The effect of subdividing the element by using the gauss points as centroids of sub-
volumes can be assessed by calculating the probability of failure for the whole finite ele-
ment by using the element centroidal principal stresses. This results in Pf = 6.8× 10−7,
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a factor of two smaller than the results obtained previously. This highlights the impor-
tance of using a sufficient number of elements along stress gradients when calculating
the probability of failure of a structure made up of finite elements.
5.4.2 Validation of CARES Method by Experiment
In order to validate the CARES methodology experimentally samples of the Rolls Royce
Fuel Cell Systems (RRFCS) SOFC porous support structure were loaded to failure in four
point bending and the results compared with predictions from an FE/CARES analysis
of the test. The stress distribution in the structure was determined with a finite element
analysis, which then formed the basis for the CARES analysis. The resulting probability
of failure curve was then compared to the original test data and the goodness of fit
evaluated. Two sets of samples designated ‘batch 1’ and ‘batch 2’ were investigated.
Although the two sets of samples were geometrically similar they were manufactured at
different times and therefore cannot be combined into one large batch as the material
composition consistency cannot be guaranteed.
Weibull Parameter Estimation from Experiment
Figure 5.8 shows schematically the structure of the samples provided by RRFCS, the
exact dimensions of the samples are not shown in order to preserve the design confi-
dentiality. Measurements of the fracture strength were made using a four point bend
configuration shown in figure 5.8. The load at failure, specimen rank, experimental
probability of failure and failure stress from the four point bend tests are shown in table
5.7 for batches 1 and 2.
A set of Weibull parameters were calculated for the tube samples according to the
method described in section 5.1.2 using both the method of lowest estimators (MLE)
and least squares (LSQ) to fit a straight line to the linearised equation (5.13). No
analysis of the fracture surfaces was possible and therefore the mode of failure and point
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Figure 5.8: Four point bend test schematic
of initiation could not be determined. The goodness of fit is assessed by CARES using
both the Kolmogorov-Smirnov and Andersen-Darling methods [70]. Here it is sufficient
to note that the curve fit improves as the indicator approaches zero for a significance
level approaching 1. The Weibull parameters for each batch are shown in tables 5.8 and
5.9.
From tables 5.8 and 5.9 regardless of whether LSQ or MLE was used to fit a line
to the data it is apparent that the results calculated assuming two-parameter behaviour
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Batch 1 Batch 2
Rank Pf,1 Ffail (N) σfail (MPa) Rank Pf,2 Ffail (N) σfail (MPa)
1 0.056 199 16.2 1 0.067 202 16.4
2 0.137 227 18.5 2 0.163 211 17.2
3 0.218 238 19.4 3 0.260 253 20.6
4 0.298 245 20.0 4 0.356 254 20.7
5 0.379 251 20.5 5 0.452 260 21.1
6 0.460 253 20.6 6 0.548 278 22.6
7 0.540 265 21.6 7 0.644 302 24.6
8 0.621 276 22.5 8 0.740 312 25.4
9 0.702 311 25.4 9 0.837 329 26.8
10 0.782 315 25.7 10 0.933 377 30.7
11 0.863 325 26.4
12 0.944 346 28.2
Table 5.7: Four Point Bend Test Results
BATCH 1 - 12 sample MLE LSQ
2P 3P 2P 3P
Weibull modulus, m 6.9 2.3 6.7 2.0
Characteristic strength, σθ (MPa) 23.6 8.36 23.60 9.06
Scale parameter σ0 (MPa) 2.80 0.20 2.59 0.12
Threshold stress, σth (MPa) - 14.7 - 14.2
Kolmogorov-Smirnov 0.176 0.159 0.168 0.117
@ significance level of 88.7 99 95.6 99
Andersen-Darling 0.384 0.263 0.356 0.249
@ significance level of 86.5 96.2 89.2 97
Table 5.8: Weibull Parameters, Batch 1
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BATCH 2 - 10 samples MLE LSQ
2P 3P 2P 3P
Weibull modulus, m 5.8 3.0 5.6 3.9
Characteristic strength, σθ (MPa) 24.4 12.7 24.4 17.8
Scale parameter σ0 (MPa) 1.98 0.12 1.80 0.48
Threshold stress, σth (MPa) - 11.3 - 6.46
Kolmogorov-Smirnov 0.146 0.126 0.139 0.130
@ significance level of 99 99 99 99
Andersen-Darling 0.234 0.189 0.228 0.201
@ significance level of 97.8 99 98 99
Table 5.9: Weibull Parameters, Batch 2
differ from those calculated assuming three parameter behaviour markedly because of the
calculation of a substantial threshold stress. The Weibull parameters that are calculated
assuming two parameter behaviour correlate in magnitude with a recent publication by
Atkinson et al [7] where the characteristic strength and Weibull modulus of 27% porous
material were calaculated to be 31.5 MPa and 9.1 respectively using a two-parameter
Weibull distribution. In their paper Atkinson et al establish a significant dependence of
both characteristic strength andWeibull modulus on porosity and therefore the difference
in the results of the analysis in this work and Atkinson’s could be due to the porosity of
the samples being different as the exact porosity of the samples was not determined at
the time of testing.
Finite Element Model
A finite element model of the RRFCS tube structure was generated to provide the stress
distribution for the CARES analysis. The structure has two symmetry planes allowing
a one quarter model of the component to be modelled to reduce the solution time, as
shown in figure 5.9. The material behaviour is assumed to be linear elastic with a Youngs
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modulus for batch 1 and 2 taken as 28 GPa and 25 GPa respectively and Poisson’s ratio
as 0.3 in both cases. Second order hexahedral elements (Abaqus type C3D20) were used
as bending is present with the mesh being refined around the load and restraint points.
From the results of a mesh independence test, as described in section 4.3.4 the results
of the analysis were considered mesh independent with 12636 elements. A view of the
mesh is shown in figure 5.9.
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Figure 5.9: Finite element model of RRFCS tube
It can be seen from figure 5.7 that the tube structure is essentially a number of I-
beams in parallel and therefore a theoretical calculation of the extreme fibre stress σf ,
to check the validity of the FE model is straightforward according to beam theory
σf =
FaH
2Itube
(5.25)
where F is the load in Newtons, a is the beam width, H is the beam height and Itube
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is the second moment of area of the tube cross section calculated according to
I =
1
12
[
bh3 − (b− twh31)] (5.26)
where b is the total width of the beam, h is the total beam height, h1 is the internal
channel height and tw is the thickness of the rib. In this case beam theory predicts
σf = 21.17 MPa. The results from beam theory and the FEA for batch 1 material
properties under a total load of 260N (F=130N) are compared in table 5.4.2. Figure
5.10 shows the distribution of stresses in the sample.
Max Principal Stress (MPa) Difference to beam theory %
Under Channel 21.11 0.28
Under Rib 21.19 0.09
Table 5.10: Comparison of Stresses in Beam Predicted FEA and Theory
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Figure 5.10: σ22 in RRFCS tube in four point bend with a load of 260N
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Given the good agreement of the mesh independent finite element analysis results
with beam theory, the finite element model is considered to be accurate.
Probability of Failure of Tube in Four Point Bend
To validate the FEA/CARES method the probability of failure of the tube sample in
four point bend under a range of load magnitudes was calculated using the finite element
model, CARES and theWeibull parameters derived from the test data. These predictions
were then compared to the original experimental data. Table 5.11 shows the probability
of failure calculated using CARES and the Weibull parameters calculated assuming both
two and three parameter behaviour.
MLE Least Squares
2P 3P 2P 3P
Pf 0.34 1.00 0.35 1.00
Table 5.11: Probability of Failure, Batch 1, Different Assumed Weibull Distributions
To study the sensitivity of Pf to the different user options available in CARES of
crack shape (which controls how the geometrically dependent constant Y of equation
(5.18) is calculated), fast fracture criterion and shear sensitivity C, five analyses were
defined
1. Griffith cracks with C=2.0 (low shear sensitivity)
2. Griffith cracks with C=0.8 (high shear sensitivity)
3. Griffith cracks and total strain energy release rate criterion (shear stress neglected)
4. Weibull normal stress averaging (NSA) criterion, no crack shape required (shear
stress neglected)
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5. Principle of independent action (PIA), no crack shape is required (shear stress
neglected)
The results of the sensitivity analysis for batch 1 at 260N total load assuming two
parameter behaviour, with the Weibull parameters estimated using the least squares
method, are shown in table 5.12
Analysis Number 1 2 3 4 5
Pf 0.352 0.324 0.339 0.365 0.339
Table 5.12: Probability of Failure, Batch 1, 260N Total Load
Comparing analyses 1 and 2 from table 5.12 shows that Pf is relatively sensitive to
the inclusion of the effect of shear stress, with a 9% increase in failure probability when
the sensitivity to shear is decreased by changing C from 0.8 to 2. The NSA appears
to be a pessimistic means of accounting for stress multi-axiality as analysis 4 where the
NSA was used, shows the highest probability of failure.
Figures 5.11(a) and 5.11(b) show the probability of failure curves predicted by
CARES compared to the experimental data when; the Weibull parameters are calcu-
lated from a least squares fit to test data assuming a two parameter Weibull distribu-
tion; penny shaped Griffith cracks are assumed; Shettys semi-empirical shear sensitivity
parameter, C is set to 2. The predicted failure probabilities from CARES match the
test data well as expected for this exercise.
Informal discussions with SOFC manufacturers have indicated that a maximum prob-
ability of failure of 1 × 10−4 is a desirable design goal for SOFC ceramic components.
Extrapolation of the Pf curve predicted by CARES to these failure probabilities as
shown in figure 5.11 indicates that a load of 55N or 75N should not be exceeded under
four point bending to obtain Pf = 1 × 10−4, for batch 1 and 2 materials respectively.
This difference could come from the error in estimating the probability of failure under
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low stress from high-stress data or could indicate that nominally similar materials pro-
duced in different batches can display large variation in the loads that they can sustain
for Pf = 1 × 10−4. Given the similarity of the failure probability data at high stress it
is more likely that error in Weibull parameter estimation has led to the discrepancy.
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Figure 5.11: Extrapolation of Pf curves
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From this validation work it can be seen that the different CARES user options have
a significant influence on the predicted probability of failure. It was decided that the two
parameter Weibull distribution in conjunction with the PIA should be used for all further
analyses as it represents a prediction that lies between the extreme values obtained with
other user options and can be analytically verified. The CARES predictions using a
two parameter Weibull distribution fit well with the experimental observations giving
confidence in the method.
5.5 Time Independent Failure of Ceramic Membrane
The probability of failure of the different layers in the ceramic membrane of the SOFC
described in chapters 3 and 4 was calculated using the FEA/CARES method for the
different mechanical boundary condition sets BC1, BC2 and BC3 described in section
4.4.1. To recap, these represent constraining the membrane to remain planar, BC1;
allowing the membrane to bend freely, BC2; fixing the membrane in a test housing after
it has cooled from manufacture, BC3. Initially the zero stress temperature was taken
as 25◦C and stress multi-axiality was accounted for with the principle of independent
action (section 5.1.1). The probability of failure calculated using the analytical model
with BC1 is also presented for reference.
Layer Analytical - BC1 FEA - BC1 FEA - BC2 FEA - BC3
Anode 0 0 0 0
Electrolyte 1.0 1.0 1.0 1.0
Cathode 2.86 ×10−1 6.9 ×10−2 1.86 ×10−2 6.37 ×10−2
Table 5.13: Probability of failure in ceramic membrane layers for three different boundary
conditions, zero stress temperature 25◦C
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The results in table 5.13 show that the analytical model calculates a probability of
failure of the cathode layer that is higher than the equivalent FEA/CARES method by
a factor of 4. The difference is likely to be due to stress relaxation at the surfaces and
edges that are captured by the FEA/CARES method but not by the analytical model.
If the analytical model was used to analyse the design it could lead to a substantial
over-design of the structure.
The probability of failure calculation was repeated with the zero stress temperature
taken as 1010◦C. The results, presented in table 5.14 show that the assumption of uniform
stress everywhere in the layer implicit in the analytical model means that the effect of
small areas of tensile stress (possibly at the layer edges, as in this case) in an otherwise
compressive regime will not be included in the calculation. In this case the analytical
model is too optimistic, under-predicting the probability of failure, which could lead to
an unexpected failure of a component under service load.
Layer Analytical - BC1 FEA - BC1 FEA - BC2 FEA - BC3
Anode 0 0 0 0
Electrolyte 0 0 0 0
Cathode 0 0.5 ×10−10 0.5 ×10−10 2.18 ×10−6
Table 5.14: Probability of failure in ceramic membrane layers for three different boundary
conditions, zero stress temperature 1010◦C
5.5.1 Uniform and Detailed Temperature Distribution
An evaluation of the effect on the predicted probability of failure of using detailed tem-
perature boundary conditions derived from a CFD model, as opposed to the assumption
of uniform temperature everywhere in the ceramic membrane is illustrated in table 5.15.
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From these results it is evident that the use of representative temperature boundary
conditions is important. For the worst case the predicted cathodic probability of failure
is a factor of 20 greater for the Tcfd3 case as compared to the T800 case.
Temperature BCs T800 Tcfd1
(70mA/cm2)
Tcfd2
(160mA/cm2)
Tcfd3
(300mA/cm2)
Anode 0 2.81×10−11 2.82×10−11 2.85×10−11
Electrolyte 0 2.4×10−13 2.4×10−13 2.4×10−13
Cathode 2.18×10−6 9.25×10−6 2.09×10−5 4.26×10−5
Table 5.15: Probability of failure in ceramic membrane layers for uniform and CFD
temperature boundary conditions, BC3, zero stress at 1010◦C
Failure probabilities of the order of 10−11 or 10−13 are too small to be meaningful and
would be practically taken to be equal to zero, they are presented here for completeness
only.
5.5.2 Evolution of Time Independent Probability of Failure
When the stress state is time-varying it makes physical sense to refer to the cumulative
distribution function (CDF), introduced in section 5.1 as the ‘actual’ probability of a
component having failed by a given time. At time t1 (> 0) the CDF for an individual
finite element (or sub-element) is calculated by taking the peak elemental stress in the
time period t = 0 to t = t1. The component failure probability is then given by the
product of these maximum elemental failure probabilities according to equation (5.2).
Figure 5.12 shows the evolution of the cathodic Pf and CDF calculated with CARES
over the uniform temperature duty cycle. When the membrane cools from sintering to
room temperature over 10 hours, Pf and CDF increases in line with the stress magnitude.
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Then as the membrane is heated up in a furnace to 800◦C at 2◦C /min the reduction in
stress leads to a drop in Pf , the CDF cannot decrease with increasing time so it remains
constant. The anode reduction process from 17 to 20 hours results in a slight increase in
Pf despite a small decrease in the peak stress (see table 4.6), this could be attributed to
the reduction in bending of the membrane, thereby distributing the stress more evenly
through the volume of the cathode, the net result of which is a slight increase in Pf . The
CDF remains unaffected by the change. The uniform temperature duty cycle is defined
such that the first power level is 800◦C , consequently there is no change in either Pf or
CDF over the time period 20 to 2020 hours. At 2020 hours the ‘power’ level changes,
represented in this duty cycle by a change to a uniform temperature of 1000◦C . This
has the effect of relieving stresses further and consequently Pf decreases leaving CDF
unchanged. The final change in power level to 900◦C results in an increase in Pf but no
change in CDF. It is assumed that the anode will remain in a reduced state at the end
of the duty cycle with associated material properties and consequently there is a small
increase in Pf and CDF relative to the first room temperature condition.
Figure 5.13 shows the evolution of the CDF in all layers over the uniform temperature
duty cycle. A very similar pattern can be seen for the anode, electrolyte and cathode.
The electrolyte failure probabilities are very low and should be taken to be zero as the
dominant stress condition is compressive, they are shown here for completeness only.
Figure 5.14 shows Pf and CDF in the cathode layer for a time varying stress state
induced by the detailed duty cycle. The failure probabilities match those predicted from
the uniform temperature duty cycle up to 10 hrs. At this point the detailed duty cycle
has mechanical boundary conditions applied to simulate setting the fuel cell in the test
housing, while the uniform temperature duty cycle does not. Consequently the stress
distribution and associated Pf and CDF of the cathode at 17 hours are greater for the
detailed duty cycle case. As before the anode reduction proceeds until 20 hrs whereupon
the fuel cell starts to generate electricity. With the detailed duty cycle the temperature
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Figure 5.12: Probability of fast fracture and CDF of cathode layer over uniform tem-
perature duty cycle
field at the first operating current is interpolated from the predictions of the CFD model
at a steady state operating current of 70mA/m2. This leads to substantially higher
predicted failure probability than for the uniform temperature duty cycle because of in-
plane temperature gradients. At 2020 hrs the power level changes to 300mA/m2 inducing
larger in-plane temperature gradients and leading to an increased failure probability.
When the power level is reduced at 4020 hrs to 160mA/m2, Pf decreases while the CDF
remains constant. Finally the in-plane temperature gradients are removed and the fuel
cell is cooled to room temperature, the net result being a decrease in Pf .
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Figure 5.13: CDF of anode, cathode and electrolyte layers over uniform temperature
duty cycle
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Figure 5.14: Pf and CDF of cathode layer over detailed duty cycle
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Figure 5.15 shows the evolution of the CDF in the anode, electrolyte and cathode
over the detailed duty cycle. The failure probability in the electrolyte is diminishingly
small as the stress field is predominantly compressive as for the uniform temperature
duty cycle.
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Figure 5.15: CDF of anode, cathode and electrolyte layers over detailed duty cycle
5.6 Time Dependent Failure of a SOFC Ceramic Mem-
brane
The time dependent probability of failure was previously defined as the time-varying
probability of failure of a component that is subject to SCG. In order to isolate and
quantify the effects of SCG, the probability of failure was calculated for the anode
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supporting layer when the SOFC is subject to uniform, constant temperature of 800◦C
with mechanical boundary condition set BC3 applied. Pf is shown to increase with
increasing time in figure 5.16 for constant B (equation (5.22)) with varying Nscg. In
figure 5.17 the effect of varying B with constant Nscg can be seen.
102 103 104 105 106 107 108 109
10-12
1x10-10
1x10-8
1x10-6
1x10-4
1x10-2
1x100
1x102
 B=1x105, Nscg=6 B=1x105, Nscg=8 B=1x105, Nscg=10 B=1x105, Nscg=15
Pro
bab
ility
 of F
ailu
re
Time (s)
Figure 5.16: Dependence of cathodic time dependent Pf on Nscg in SOFC at uniform
constant temperature 800◦C
181
100 101 102 103 104 105 106 107 108 109
10-12
1x10-10
1x10-8
1x10-6
1x10-4
1x10-2
1x100
1x102
Nscg=8, B=1x103Nscg=8, B=1x104Nscg=8, B=1x105Nscg=8, B=1x106Nscg=8, B=1x107
Pro
bab
ility
 of F
ailu
re
Time (s)
Figure 5.17: Dependence of cathodic time dependent Pf on B in SOFC at uniform
constant temperature 800◦C
The time dependent material data available in the literature is inconsistent and
sparse. To assess the impact of this variation in material properties data from Choi et
al [22] and Nemeth et al [70] (see table 5.2) were used to calculate the time dependent
probability of failure for an 800◦C uniform temperature case with a zero stress tempera-
ture of 1010◦C, the results are shown in figure 5.18. The probability of failure increases
over time as SCG degrades the ability of the material to sustain the applied load. It is
interesting to note that at time t = 0, Pf,an is less than 1× 10−14 and below that of the
cathode at 2.18×10−6. With the material properties derived from Nemeth et al [70] the
probability of failure of the anode stays below that of the cathode up to t = 1.44× 108s.
However, with the material properties derived from Choi et al [22], at approximately
time t = 4 × 107s, the relationship becomes inverted and Pf,an subsequently increases
more quickly with time than Pf,ca.
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Figure 5.18: Time dependent Pf for anode and cathode under uniform constant tem-
perature loading of 800◦C
Time Dependent Failure Probability - Uniform Temperature Duty Cycle
The results of the calculation of the time dependent failure probability over the uniform
temperature duty cycle using material data from Choi et al [22] can be seen in figure
5.19. The effect of sub-critical crack growth can be see as an increase in the predicted
probability of failure even at short timescales such as the 10 hour cooling period from
sintering. The effect of SCG increasing the probability of failure over time is mitigated by
the lower stress levels at every point in the duty cycle after cooling to room temperature.
Therefore there is no increase in the CDF after cooling to room temperature.
183
0.0 5.0 10.0 15.0 20.0 200
0.0
300
0.0
400
0.0
500
0.0
600
0.0
1E-14
1E-13
1E-12
1E-11
1E-10
1E-9
1E-8
1E-7
1E-6
Pro
bab
ility
 of F
ailu
re
Time (hrs)
 Pff Cathode CDF Cathode CDF + SCG Cathode
Figure 5.19: Probability of failure of cathode layer over detailed temperature duty cycle
assuming visco-plasticity and SCG, using material properties from Choi et al [21]
Time Dependent Failure Probability - Detailed Duty Cycle
Figure 5.20 shows the evolution of the CDF over the detailed duty cycle allowing for
sub-critical crack growth. The effect of SCG is particularly apparent when figures 5.15
and 5.20 are compared. The final probability of failure of the cathode layer is 1.28×10−5
for the former compared to 1.24×10−3 for the latter showing that SCG increases the
probability of failure of the cathode layer by two orders of magnitude over the simplified
duty cycle. For the anode the change is larger still with the probability of failure at
the end of the duty cycle being almost insignificant when SCG is not included (figure
5.15) to 0.54 when it is (figure 5.20). Figure 5.20 shows that in the time periods 20 to
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2020 hrs, 2020 to 4020 hrs, and 4020 to 6020 hrs the effect of SCG is to increase the
failure probability over time even though the temperature distribution in the fuel cell is
unchanging.
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Figure 5.20: Probability of failure of membrane layers over detailed temperature duty
cycle assuming visco-plasticity and SCG, using material properties from Choi et al [21]
5.7 Discussion
This chapter has recapped the definitions of both time-independent and time-dependent
failure probabilities and presented calculations of these parameters for a typical SOFC
ceramic membrane under a range of idealised conditions using an analytic model and
the software package CARES.
185
In the course of validating the CARES approach for SOFC ceramic structures the
problem was highlighted of accurately predicting the allowable stress threshold for the
very low probabilities of failure required commercially from high probability of failure
data. A method for very precise material characterisation for very low probability of
failure does not appear to be available.
The time-independent failure probability was calculated from the stress distribution
predicted by an FEA model for three different mechanical boundary condition sets to
demonstrate the effect that the choice of boundary conditions can have. Of the three
mechanical boundary conditions investigated the difference between the maximum and
minimum failure probability was four orders of magnitude. This is very significant and
highlights the importance of choosing representative mechanical boundary conditions for
the FE analysis.
The time-independent failure probability was also used to assess the impact of using
detailed temperature distribution from a CFD model instead of assuming a uniform fur-
nace temperature throughout the ceramic membrane. The largest difference in predicted
failure probability occurred when the temperature gradients predicted by the CFD model
were largest i.e. at the highest operating current. In this case the failure probability for
the 300mA/cm2 condition is a factor of 20 higher than the uniform temperature condi-
tion, T800. While not as significant as the effect of changing the mechanical boundary
conditions this is nevertheless an important consideration.
It has been shown that over a duty cycle the time-independent failure probability
of each of the membrane layers increases and decreases in step with the layer stresses.
Physically the failure probability of the membrane cannot decrease as time goes on so
the concept of a cumulative distribution function CDF, was introduced that will never
decrease with increasing time. In this way the stress history of a component is accounted
for in the probability of failure calculation, but this is not to say that the CDF is time-
dependent, it merely represents the highest probability of failure that the component
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has experienced to that point in its history.
The time-dependent probability of failure accounting for sub-critical crack growth
has been calculated for the uniform temperature and detailed duty cycles. The range of
material properties available in the literature has been shown to produce large differences
in the predicted time dependent failure probability. In order to quantitatively predict
the lifetime of SOFC ceramic components specific material testing would have to be done
to ensure that the material properties were appropriate. It has been shown that for a
given stress level SCG acts to significantly increase the probability of failure over time.
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Chapter 6
Conclusion
The work presented in this thesis has covered a range of physical processes that occur
in operating solid oxide fuels and used relevant computational modelling techniques and
material data from the literature in order to determine the thermal stress distribution
and subsequently the probability of failure of the layers in a ceramic solid oxide fuel
cell membrane. The following sections summarise the discussions at the end of chapters
3, 4 and 5 in which the transport and electrochemistry, thermal stress and probability
of failure parts of the fuel cell model were developed respectively, drawing together the
three aspects of the work to conclude the thesis.
6.1 Transport and Electrochemistry Modelling
The transport and electrochemistry model developed in chapter 3 was used to predict
the temperature distribution at three distinct fuel cell operating conditions representing
low, medium and high current density. It was found that the choice of thermal boundary
conditions influenced the predicted temperature distribution greatly, and that isothermal
boundary conditions were most appropriate for this particular model. With the walls
of the computational model considered to be isothermal and fixed at 1073K thermal
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gradients were generated in the model due to the electrochemical reaction taking place
in the fuel cell. Peak temperatures of 29, 37 and 41◦C greater than the isothermal
boundary temperature were predicted for operating currents of 70, 160 and 300 mA/cm2
respectively. These peak temperatures were found in the region of the fuel cell under
the outlet plena, where there is a long thermal conduction path to the isothermal walls.
The general trend is that the fuel cell gets hotter along the gas flow direction.
The analysis has shown that the electrochemical performance of the area where the
electrodes and interconnect meet is hampered by the increased diffusive path length of
the species to the reaction sites under them, a conclusion supported by the literature.
6.2 Thermo-Elastic Stress Analysis
The thermal stress model developed in chapter 4 considered the main mechanisms by
which stresses develop in a fuel cell over a duty cycle defined as: manufacture by sintering,
cooling, re-warming, anode reduction, electrical power generation and finally shut down.
The most significant result from this part of the work was the demonstration of the
importance of including the residual stress from manufacture in any thermo-mechanical
stress analysis. It was shown that the inclusion of the residual stress changes both the
magnitude and sign of the predicted stress distribution at operating conditions. It was
also shown that the stress distribution throughout the particular fuel cell studied in this
work changes upon anode reduction by up to 15% in the cathode layer. Accounting
for anode reduction is important to the prediction of the correct stress distribution just
prior to the start of electricity generation.
The influence of different boundary conditions was also shown to have a significant
effect on the stress distribution throughout the membrane. The two observations that:
the neutral axis is likely to be positioned in the thickest, structural layer and ceramics fail
much more readily under tensile rather than compressive loading, show the importance
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of selecting the right boundary conditions. It was shown that if the boundary conditions
allow the cell to bend it is likely that the stress neutral axis will be located within the
structural layer and therefore there will be a tensile stress on either the top or bottom face
of this layer, with a corresponding finite probability of failure. If the cell is constrained
to remain flat there is a possibility that the stress distribution could be compressive
everywhere in the structural layer.
From the comparison of the thermal stress distributions determined from uniform
temperature distribution and the thermal stress distribution determined from non-uniform
(CFD derived) temperature distributions it has been shown that there is a considerable
difference in the predicted stress distribution between the two cases and therefore there
is merit in pursuing the coupled CFD/FEA approach. The caveat here is that the tem-
perature distribution predicted by the CFD model must be realistic. Although it has
not been possible to confirm this experimentally the temperature variations predicted
by the model agree in order of magnitude with published temperature data measured in
an operational SOFC.
6.3 Visco-Plastic Stress Analysis
Based on the finite element analyses in chapter 4, which accommodate visco-plastic
material behaviour and material data available in the literature, any stress present in
the SOFC membrane is predicted to relax over SOFC operating timescales of thousands
of hours and the effect is shown to be highly temperature dependent; at 1000◦C any
stresses present in the membrane are predicted to fall to zero after approximately 4000
hours. Including visco-plastic material behaviour in the model allows the relaxation of
thermo-elastic stresses over time to be accounted for.
Although not the subject of this investigation a potentially more significant effect
of visco-plastic deformation is the creep under the action of gravitational forces and
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pressure resulting in electrical connections and gas seals being broken.
6.4 Probability of Failure Prediction
In chapter 5 it was shown that the calculation of the time-independent probability of
failure for a given stress distribution and the comparison of these predictions for different
designs can give valuable insight into the expected failure rate of one design compared to
another. If a quantitative assessment of lifetime for a specific component is required the
probability of failure predictions would have to be experimentally verified for one base
case, or an idealised test case, and then steps taken from there to improve the design
incrementally.
A high value of the Weibull modulus is necessary to have good component reliability
and have a well defined failure strength. SOFCs require very low probabilities of failure
to ensure acceptable durability and therefore the materials properties must be accu-
rately determined for this regime. Frequently the data used in the prediction of failure
probability are from high stress conditions, high failure rate tests and extrapolated to
low failure rates. It was shown that any small errors in the experimentally determined
material properties can lead to large errors when that data is used in the calculation of
low probabilities of failure. Ideally a large number of material tests should be carried
out at low stress to obtain accurate, low failure probability material data.
The time dependent behaviour of the ceramic materials has been shown to be an
important consideration when assessing the probability of failure of a SOFC over long
timescales. Although the material properties used in this study are not well defined
enough to make definitive statements about the time dependent reliability of the ceramic
materials, conclusions can still be drawn from the representative material properties that
were found. The indication is that over fuel cell operating timescales the time dependent
failure mechanism of slow crack growth is the most important consideration. Even if
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relatively modest failure probabilities are calculated at the beginning of a duty cycle,
sub-critical crack growth can lead to these becoming orders of magnitude larger within
a few thousand hours. Sub-critical crack growth in 8YSZ has been observed by several
researchers [55, 11, 22, 70] and is therefore considered to be a genuine issue in practical
SOFCs.
6.5 Closure
The major mechanisms of stress generation in a SOFC membrane have been combined
into a single time dependent analysis, resulting in a predicted stress history from the
point of manufacture onwards. The inclusion of residual stresses in a thermal stress
model of an SOFC has been shown to be critical in predicting the stress at operating
temperature. Whilst the time independent failure probability can help to assess the
difference between specific fuel cell component designs, when calculating the probability
of failure of SOFC ceramic components the time dependent behaviour of the material
i.e. sub-critical crack growth, must also be considered. The coupled modelling approach
has provided insight into the stress distribution at operating conditions and has shown
the feasibility and importance of using realistic temperature distributions rather than
assuming a uniform furnace temperature throughout the fuel cell.
192
Chapter 7
Further Work
The following sections outline some suggestions that any researchers wishing to continue
this work might like to follow.
7.1 Experimental Model Validation
The most important step to progress this work is to confirm the temperature predic-
tions from the flow and electrochemistry model experimentally using a thermal imaging
camera. This might be possible using a thermocouple array inside an operating fuel cell
but the interruptions to flow and blocking of reaction sites would introduce considerable
uncertainty to the results. The technique of inducing in-plane thermal gradients over
a fuel cell by blowing cold air on to a hot fuel cell coupled with a thermal imaging
camera described in [16, 24] could also be used to validate the probability of failure
predictions. Testing a statistically significant number of samples under a given thermal
gradient and comparing the results to the predicted probability of failure would be one
way of validating the FEA/CARES approach.
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7.2 Transport and Electrochemistry Model Enhancement
Validation of the model by comparing the predicted temperature field to measured data
is considered to be the most important piece of subsequent work for the transport and
electrochemistry model.
The thermal boundary conditions have been shown to have a large influence on the
predicted temperature distribution in the fuel cell. While the boundary conditions used
in this study were considered appropriate for a single fuel cell in a test housing, it is
more likely that a fuel cell will function as part of a stack. Improving the thermal
boundary conditions by extending the transport and electrochemistry model to a stack
would provide more commercially relevant models.
The transport model described in this thesis could also be used to simulate the
warming of the cell to operational temperature. While most warming procedures aim
to minimise stresses by keeping the temperature uniform throughout the cell when it
is being warmed, a stated aim of many SOFC manufacturers is to reduce the ‘start-
up’ time. This could be investigated by interpolating the temperature field from the
transport model to the thermal stress model at discrete points during the warm up.
7.3 Thermal Stress Model Enhancement
The inclusion of non-linear material behaviour in the SOFC ceramic membrane on cool-
ing from sintering would enhance the capability of the thermal stress model by giving a
more accurate account of residual stresses. This could include stress relief from micro-
cracking in the layers. If micro-cracking is found to occur on cooling from sintering,
the effect on the material properties as the membrane begins to warm up to operating
temperature is also likely to be non-linear.
The lattice structure of some SOFC ceramics has been shown to expand as they lose
oxygen ions under low oxygen partial pressure conditions. Inclusion of this ‘chemical
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strain’ would be a valid enhancement to the stress analysis. It is suggested that the
oxygen partial pressure could be interpolated from the CFD model to the FEA model
as a nodal field variable, in the same way that the temperature field is at present. In
the FEA model the oxygen partial pressure could be transformed into an equivalent
temperature based on strain equality between thermal expansion and lattice expansion,
and the stress due to lattice expansion thus calculated.
The pressure of the interconnects on the SOFC membrane has been neglected in this
work, any future work could include this effect. It is anticipated that the interconnect
will behave like a gasket with highly non-linear stress/strain behaviour normal to the
plane of the interconnect.
7.4 Probability of Failure Model Enhancement
The time dependent failure probability prediction would benefit greatly from the deter-
mination of sub-critical crack growth materials properties for SOFC materials, and their
dependence on porosity.
The probability of failure of the interconnect should be included in future critical
component analyses, as it acts as a gas barrier and structural member, therefore any
failure could be catastrophic.
7.5 Integrated Model Further Work
The operation of a fuel cell under quasi-static, on-design conditions has been investigated
so far. Off-design points experienced when there is a small hole in the ceramic mem-
brane or a sudden incursion of air would make very interesting studies. If the oxygen
concentration from the CFD model is included in the FEA model the coupled model has
the potential to simulate sudden anode re-oxidation with the associated volume changes.
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7.6 Material Testing
The material data relating to sub-critical crack growth for SOFC ceramics is sparse and
inconsistent. A comprehensive program of testing to characterise contemporary SOFC
materials in terms of SCG parameters and their variation with temperature and porosity
is considered to be an important step in the progress of this work.
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Appendix A
Fuel Cell Thermodynamics
Considering the overall thermodynamics of the oxidation of hydrogen allows expressions
to be derived for the performance and efficiency of a hydrogen fuelled SOFC. The first
law of thermodynamics states that, if the change in potential and kinetic energy of the
gas is negligible, the change in internal energy of a system, ΔU is equal to the heat
exchanged between the system and its environment Q, minus the work done by the
system W
ΔU = Q−W (A.1)
To find an expression for the internal energy, consider a mixture of ideal gasses under-
going a chemical reaction at temperature, T and pressure, P . The first law can then
be applied in terms of the steady flow energy equation (A.2). For an ideal system that
rejects no heat the change in internal energy for for the system would be the change
in molar enthalpy for the overall reaction at a temperature T, ΔHT . For the chemical
reaction given by (A.3), ΔHT can be written specifically as (A.4)
Q−Wmax = ΔHT = nreactantsHreactants − nproductsHproducts (A.2)
H2 +
1
2
O2 = H2O (A.3)
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ΔHT = nH2HH2,T + nO2HO2,T − nH2OHH2O,T (A.4)
Where ngas denotes the number of moles of a gas and Hgas,T represents the molar
enthalpy of that gas in J/mol at temperature T . Dividing through by the number of
moles of fuel nH2 , yields equation (A.5). Note the addition of the bar over ΔH2 to
denote heat exchanged and work done by the system per mole of fuel.
HH2,T +
1
2
HO2,T −HH2O,T = ΔHT (A.5)
The second law of thermodynamics states that for each mole of a gas
Q = TΔSp,T (A.6)
Where Sp,T is the molar entropy of a gas at pressure, P and temperature, T. The molar
entropy at temperature, T and an arbitrary pressure, P can be rewritten as (A.7).
ΔSP,T = ΔS
0 −R ln P
P 0
(A.7)
Where ΔS
0
is the molar entropy of a gas at a reference pressure, P 0 and temperature,
T . Substituting (A.7) into (A.6) and summing for all gas species in the reaction gives
Q = T
[
S
0
H2O − S
0
H2 −
1
2
S
0
O2
]
−RT
[
ln
(
pH2O
p0
)
− ln
(
pH2
p0
)
− ln 1
2
(
pO2
p0
)]
(A.8)
or
Q = TΔS
0 −RT ln
(
pH2Op
0
1
2
pH2pO2
1
2
)
(A.9)
198
Hence the portion of the thermodynamic potential available to do electrical work, Wmax
is given by (A.10).
Wmax = −
[
ΔH
0 − TΔS0
]
+RT ln
(
pH2OpO2
1
2
pH2p
0
1
2
)
(A.10)
The Gibbs function g, is a state variable which represents the portion of the thermody-
namic potential of a system available to do useful work. It is defined as in (A.11), H
being the enthalpy, T being the temperature and S being the entropy.
g = H − TS (A.11)
When a change of state occurs as with the oxidation of hydrogen, it is driven (or hin-
dered) by the change in the thermodynamic potential. Every system seeks the state of
lowest potential and therefore if g is negative the reaction will tend to proceed sponta-
neously, whereas if g is positive the reaction needs energy input to proceed . Defining
the change in Gibbs function at STP, Δg0 as in (A.12) and substituting into (A.10) gives
the result (A.13).
Δg0 = ΔH
0 − TΔS0 (A.12)
Wmax = −Δg0 +RT ln
(
pH2OpO2
1
2
pH2p
0
1
2
)
(A.13)
In SOFCs the thermodynamic work available is put to use transporting electrons from
cathode to anode at their respective electric potentials. The work done on a charge q
when it moves through a potential difference V in a uniform electric field is given by
(A.14)
W = qV (A.14)
Therefore the work done to transport n electrons from cathode to anode, at respective
potentials Vca and Van respectively is given by equation (A.15), where e is the charge
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on an electron and A is Avagadros constant. The constant ne is added to take account
of the fact that often there is more than one electron available per molecule of fuel,
hydrogen is actually a diatomic element and therefore ne = 2.
W = neneA (Vca − Van) (A.15)
Dividing through by the number of moles of hydrogen, and assuming that
W = neFVrev (A.16)
Substituting (A.13) into (A.16) and rearranging yields equation (A.17). This defines
the voltage of the electrochemical cell in terms of the available thermodynamic work at
a reference pressure, the temperature and the reactant partial pressures. This type of
equation, where the voltage of an electrochemical cell is expressed in terms of the Gibbs
function and reactant partial pressures, is known as a Nernst Equation.
Vrev ≡ Vnernst = −Δg
0
2F
+
RT
2F
ln
(
pH2OpO2
1
2
pH2p
0
1
2
)
(A.17)
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Appendix B
Weakest Link Theory
In order to explain the strength scatter and size effect, Weibull [102] proposed, that the
onset of fracture can be related to the single flaw with the most severe stress concentra-
tion, not necessarily at the point of highest stress. The Weakest Link Theory (WLT)
considers a brittle structure analogous to a chain in tension, each link having its own
limiting strength, when one link fractures the whole structure fails. The stress in each
link can be calculated with knowledge of the material properties of the chain and the
loads on it. In a traditional, deterministic analysis the engineer could then calculate a
safety factor based on the failure strength of the material. However there are unavoid-
able microscopic, randomly located and oriented flaws throughout ceramic materials as
a result of their manufacture so precise calculation of the stress concentrations at the
tips of these flaws is almost impossible. A crack density function, NV (σ) is therefore
assumed representing the number of flaws per unit volume having failure strength equal
to or less than σ. The probability of failure of the i-th link, having volume ΔV is now
given by
(Pf )i = NV (σ)ΔV (B.1)
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The probability of survival of the link is
(Ps)i =
[
1− (Pf )i
]
(B.2)
The probability of survival of the whole chain is given by the product of the individual
link probabilities of survival
Ps =
n∏
i=1
(1− Pf )i (B.3)
Taking the rhs of (B.3) as the first two terms in a Taylor expansion of ex it follows that
Ps =
n∏
i=1
exp(−Pf )i = − exp
[
−
n∑
i=1
(Pf )i
]
(B.4)
Substituting (B.1) into (B.4) it follows that
Ps = exp
[
−
n∑
i=1
(NV (σ)ΔV )i
]
(B.5)
In the limiting case of ΔV → 0
Ps = exp
[
−
∫
V
NV (σ) dV
]
(B.6)
And therefore the corresponding probability of failure is given by
Pf = 1− exp
[
−
∫
V
NV (σ) dV
]
(B.7)
B.1 Weibull Distribution
A number of standard probability distribution functions (e.g. normal, exponential) can
be used to model data exhibiting significant variability, such as the failure strength of
ceramics. Weibull proposed a particularly flexible probability distribution function that
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has since found numerous applications. In the case of brittle fracture of ceramics, it
represents a crack density function, or strength distribution function.
Weibull proposed that the crack density function, NV is of the following form
NV (σ) =
(
σ − σth
σ0
)m
(B.8)
This form of NV is the three parameter Weibull distribution where; σ is the applied
stress; σth is the threshold stress, below which the failure probability is zero; m is the
Weibull modulus (sometimes called the shape parameter as it controls the form of the
crack density function); σ0 is a scale parameter corresponding to the stress level at which
63.2% of specimens with unit volume would fail i.e the standard deviation of the Weibull
crack density function. It should be noted that; this analysis holds for uniaxial stress;
only tensile stresses are considered to induce failure as the compressive strength of a
ceramic is usually much higher than the tensile strength [6].
If the stress state of the ceramic structure is assumed to be zero everywhere before
it is loaded, then the threshold stress can be taken to be zero [62, 70]. In these cases
the Weibull distribution reduces to the commonly used two parameter form, which when
substituted into (B.6) yields
Pf = 1− exp
[
−
∫
V
(
σ
σ0
)m
dV
]
(B.9)
There are many other modifications of Weibull distributions which can be used to fit
strength distribution data that is skewed or truncated for some physical reason, a dis-
cussion of which can be found in Prabhakar and Murthy [72].
Weibull’s theory captures the size effect as the probability of failure has a direct
dependence on volume. WLT appears to hold for most ceramics where the defect density
is sufficiently low that the defects do not interact with each other.
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Appendix C
Mass Transport in Porous Media
There are four distinct means by which mass transport can occur. The factors that
decide which mechanism is active are: whether there is a pressure gradient present and
the ratio of the pore diameter to the mean free path length of a gas molecule.
• Surface flow - molecules are adsorbed onto the surface of a solid and move along
in a suface layer.
• Free Molecule flow/Knudsen flow - when the mean free path of a molecule is
greater than the pore diameter the dominant type of collisions that the molecule
will experience will be with the pore wall rather than other molecules
• Continuum diffusion - when the mean free path of a molecule is much less than the
pore diameter the dominant molecular interaction will be molecule-molecule rather
than molecule-wall. In this case the different species of a mixture move relative to
each other under the influence of concentration gradients (concentration diffusion),
temperature gradients (thermal diffusion), or external forces (forced diffusion)
• Viscous flow - the gas acts as a continuum driven by pressure gradients
In the treatment of mass transport in SOFC porous media at the cell or stack mod-
elling scale the surface flow mechanism is normally neglected as the contribution to the
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total mass flux is very small. Viscous flow (the convective mass flux) is accounted for
with the Navier-Stokes equations. Determining which of the two diffusive mechanisms,
continuum diffusion and Knudsen flow, is active can be done by calculating the Knud-
sen number: the ratio of the mean free path of the gas molecules, λ to the mean pore
diameter, dp
Kn =
λ
dp
(C.1)
where the mean free path of a molecule is given by
λ =
kBT√
2πd2molP
(C.2)
where kB is Boltzmann’s constant and dmol is the molecule diameter. When Kn ¿ 1
molecule-molecule interactions dominate and continuum diffusion is the dominant dif-
fusive transport mechanism, when Kn À 1 molecule-wall interactions dominate and
Knudsen flow is the dominant diffusive transport mechanism.
C.1 Continuum Diffusion
When the Knudsen number is much less than unity the diffusional mass flux of an
isobaric, isothermal gas species due to its own concentration gradient is given by Fick’s
law
fm,A,i = −D∂YA
∂xi
(C.3)
where fm,A,i is the diffusional mass flux of species A in direction xi and YA is the con-
centration of A. The constant of proportionality is the diffusion coefficient or diffusivity,
D.
When there are two gas species A and B, in the volume each with their own concen-
tration gradients, assuming equi-molar counter diffusion allows the species diffusional
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mass fluxes to be written as
fm,A,i = −DAB ∂YA
∂xi
(C.4)
fn,B,i = −DAB ∂YB
∂xi
(C.5)
where DAB is the common binary diffusion coefficient applicable to both species.
C.2 Knudsen Flow
When a concentration gradient of a gas species ‘A’ exists across a porous medium and
the conditions are such that the Knudesn number is much greater than unity, the mass
flux fKm,A,i in direction xi is independent of other components and given by
fKm,A,i = −DK,A
∂YA
∂xi
(C.6)
where the Knudsen flow coefficient, DK,A is given by[25, 41]
DK,A =
dp
3
[
8RT
πMA
] 1
2
(C.7)
where MA is the molecular mass of the gas species ‘A’. It should be noted that in the
Knudsen flow regime there is no convective flux and therefore fKm,A,i represents the total
mass flux.
C.3 Transition Between Regimes
The Knudsen numbers for H2, O2 and H2O calculated calculated in table C.1 assuming
T = 800◦C , dp = 1 × 10−6 and P=101KPa show that for these gas species in porous
SOFC electrodes at SOFC operating temperatures, the Knudsen number is of the order
of unity. This indicates that both continuum and Knudsen diffusion mechanisms are
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active and both must be taken into consideration.
Species dmol (m) λ Kn
H2 2.93× 10−10 3.83× 10−7 0.38
O2 3.47× 10−10 2.74× 10−7 0.27
H2O 2.64× 10−10 4.71× 10−7 0.47
Table C.1: Mean free path and Knudsen number for SOFC species at 800◦C
A common method for combining the effects of continuum diffusion and Knudsen
flow in the transition regime is usually ascribed to Bosanquet [26, 25], whereby the
reciprocals of the continuum diffusion and Knudsen flow coefficients are added together
to give a new, ‘Bosanquet’ diffusion coefficient DB such that for a binary mixture of
gases ‘A’ and ‘B’
DB,A =
[(
1
DAB
)−1
+
(
1
DK,A
)−1]−1
(C.8)
DB,B =
[(
1
DAB
)−1
+
(
1
DK,B
)−1]−1
(C.9)
In the transition regime the diffusive mass flux is then given by
fm,A,i = −DB,A∂YA
∂xi
(C.10)
fn,B,i = −DB,B ∂YB
∂xi
(C.11)
A complete treatment of the problem of multi-component diffusion in SOFC porous
media was undertaken by Haberman et al [41].
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